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ABSTRACT 


This  paper  examines  the  effects  of  government  attempts  to  stabilize 
the  prices  of  commodities  by  use  of  buffer  stocks.  Agricultural  goods 
subject  to  supply  uncertainty  as  well  as  depletable  resources  are 
considered.  In  each  case,  it  is  shown  that  the  resulting  rational- 
expectations,  competitive  equilibrium  contains  a  speculative  attack — 
a  situation  where  the  entire  government  stock  is  suddenly  purchased 
by  previously  inactive  speculators.  The  analysis  is  applied  to  the 
historical  attempt  to  peg  the  gold  price,  which  caused  the  attack  of 
1968.  The  insights  gained  and  the  methodology  developed  also  apply 
to  the  various  international  agreements  to  impose  bands  on  commodity 


obstinate  belief  that  what  went  wrong  last  time  was  attributable  to 
lack  of  will  or  cleverness,  or  unwillingness  to  commit  sufficient 
financial  resources  to  the  enterprise,  but  never  to  inherent 
difficulties  that  could  be  understood  in  terms  of  elementary 
economic  analysis." 


— Harry  Johnson  (1977) 
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The  Vulnerability  of  Price  Stabilization  Schemes  to  Speculative  Attack 

by 

Stephen  W.  Salant* 


1.  Introduction 

Previous  attempts  to  stabilize  the  prices  of  commodities  by  pur¬ 
chases  and  sales  from  buffer  stocks  have  ended  in  failure.  In  the 
past  buffer  stocks  of  gold,  silver,  and  tin  were  each  attacked  by 
speculators  anticipating  price  increases .—^And  yet  similar  stabili¬ 
zation  schemes  continue  to  be  proposed  and,  in  some  cases,  adopted. 

For  example,  in  1975,  the  Secretary  General  of  UNCTAD  proposed  an 
"Integrated  Program  for  Commodities"  to  stabilize  the  prices  of 
seventeen  commodities  by  means  of  purchases  and  sales  from  individual 
buffer  stocks.  It  was  proposed  that  the  prices  of  the  following  com¬ 
modities  be  kept  within  bands:  cocoa,  coffee,  tea,  sugar,  hard  fibers, 
jute,  cotton,  rubber,  copper,  tin,  bananas,  wheat,  rice,  meat,  wool,  iron 
ore,  and  bauxite.  Disagreements  about  the  size  of  the  stockpiles 
resulted  in  1979  in  a  breakdown  of  the  international  negotiations. 

But  new  proposals  are  to  be  expected.  At  the  moment,  buffer  stocks 
are  being  operated  to  stabilize  the  prices  of  tin,  natural  rubber, 
and  cocoa.  Meanwhile,  a  Presidential  Commission  contemplates  returning 
to  an  international  monetary  system  where  the  nominal  price  of  gold 

would  be  pegged  by  purchases  and  sales  from  gold  stocks.  Proponents 

21 

of  such  schemes  either  ignore  the  historical  record  or  feel  confi¬ 
dent  the  mistakes  of  the  past  can  be  avoided  simply  by  creating  larger 
buffer  stocks  in  the  future. 

Such  confidence  rests  on  shaky  foundations.  Although  many  of  the 
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recent  agreements  and  proposals  have  been  evaluated  favorably,  the 
methodology  underlying  these  evaluations  renders  their  favorable  con¬ 
clusions  worthless.  The  consequences  of  a  particular  commodity 
agreement  cannot  be  forecasted  without  taking  proper  account  of  how  it 
will  affect  the  price  expectations  of  speculators  and  hence  their 
behavior.  And  yet,  previous  econometric  analyses  have  ignored  com- 

3/ 

pletely  the  impact  of  such  schemes  on  speculative  demand.—  This  is 
no  small  omission  since  it  has  been  speculators  who  have  thwarted 
previous  attempts  at  price  stabilization. 

Some  have  argued  in  defense  of  these  econometric  policy  evaluations 
that  the  particular  models  chosen  for  the  analyses  have  demonstrated 
impressive  forecasting  records  in  the  past.  But  such  records  are 
irrelevant  to  the  ability  of  these  models  to  forecast  the  consequences 
of  a  new  policy  which  will  almost  surelv  change  the  buy-sell  rules  of 
speculators.  Lucas  (1976)  made  an  analogous  point  several  years  ago  in  his 
critique  of  the  practice  of  using  the  econometric  models  then  in  existence  to 
evaluate  alternative  macro-economic  policy  proposals.  He  concluded  that: 

Comparisons  of  the  effects  of  alternative  policy  rules  using 
current  macro-economic  models  are  invalid  regardless  of  the 
performance  of  these  models  over  the  sample  period  or  in 
ex-ante  short  term  forecasting,  (my  emphasis) 

This  paper  develops  a  methodology  in  which  the  consequences  of 
buffer-stock  proposals  can  be  evaluated  properly.  The  approach  is  to 
examine  the  competitive  equilibrium  under  rational  expectations  when 
the  government  adheres  to  a  specified  policy  rule.  For  analytic  sim¬ 
plicity,  it  is  assumed  that  the  price- stabilization  policy  attempted 
by  the  government  is  a  peg.  This  policy  is  shown  under  plausible 
assumptions  to  induce  speculative  attacks.  However,  the  methodology 
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developed  and  the  insights  gained  both  about  speculative  attacks  and  about 

one-sided  bets  against  breaches  of  the  ceiling  price  apply  equally  to  policy 

4  / 

regimes  where  ceiling  and  floor  prices  differ.—'  Hence,  the  methodology 
developed  can  be  used  to  analyze  the  various  commodity  agreements  which 
have  been  proposed  by  UNCTAD. 

In  Section  II,  a  pegging  policy  is  introduced  into  the  Hotelling 
model  of  pure  depletion  under  certainty.  The  resulting  equilibrium 
is  shown  to  contain  a  speculative  attack — a  situation  where  previously 
inactive  speculators  suddenly  purchase  the  remaining  government  stock. 
Speculative  attacks  are  popularly  regarded  as  the  product  of  either 
irrationality  or  unfounded  expectations  about  future  prices.  By 
proving  that  attacks  must  occur  even  when  agents  behave  optimally  and 
have  rational  expectations  about  future  prices,  it  is  shown  that 
psychological  factors  are  not  needed  to  explain  their  occurrence. 

An  attack  occurs  when  total  stocks  fall  below  an  endogenously-determined 
threshold — as  they  eventually  must  with  a  nonrenewable  resource  because  of 
continual  depletion.  An  earlier  version  of  this  certainty  case,  discussed 
briefly  in  Salant  and  Henderson  (1978),  has  been  adapted  by  Koromzay 
(1978)  and  Krugman  (1979)  to  explain  balance-of-payments  crises  and  by 
Garber  and  Flood  (1981)  to  study  the  sudden  monetary  contraction  which 
would  result  if  an  attack  terminated  a  gold  monetization  policy. 

In  Section  III,  the  model  is  generalized  to  incorporate  uncertainty. 
Random  additions,  interpreted  as  new  harvests,  are  assumed  to  augment 
each  period  the  remaining  private  stock  of  an  agricultural  good.  It  has 
been  shown  by  Townsend  (1977)  under  related  circumstances  that  the 
government  cannot  successfully  peg  the  price  forever  by  operating  a 
buffer  stock;  but  he  did  not  go  on  to  investigate  the  stochastic 
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equilibrium  which  does  result  when  such  a  futile  policy  is  attempted. 

Such  an  analysis  is  conducted  in  Section  III,  where  a  pegging  policy 
is  introduced  into  the  standard  agricultural  carry-over  model  of  Gustafson 
(1958),  Samuelson  (1973),  and  Kohn  (1978).  This  model  is  a  generalization 
of  the  Hotelling  model  of  Section  II.  As  in  Section  II,  a  speculative 
attack  is  shown  to  occur  in  equilibrium  whenever  total  stocks  fall 
below  an  endogenous  threshold.  But  now  the  possibility  exists  that 
random  additions  will  keep  the  total  stock  above  the  threshold.  The 
probability  of  this  event  depends  on  the  type  of  policy  pursued  and  its 
underlying  parameters.  If  the  policy  is  attempted  pegging  and  the  offi¬ 
cial  price  is  set  so  low  that  it  induces  more  consumption  than  the  mean 
harvest,  then  a  speculative  attack  occurs  with  probability  one.— ^  Indeed, 
the  certainty  case  of  Section  II  can  be  regarded  as  a  degenerate  example  of 
this  proposition  where  the  harvest  density  collapses  to  a  mass  point  at 
zero.  A  more  revealing  case  is  when  the  consumption  induced  by  the 
official  price  just  matches  the  expected  harvest.  Then,  on  average , 
no  depletion  of  the  government  stock  will  occur  and  it  seems  natural  to 
think  that  the  attack  threshold  will  never  be  crossed — at  least  if  the 
initial  government  stockpile  is  sufficiently  large.  This  turns  out  to 
be  true  only  if  harvests  do  not  fluctuate  at  all.  Otherwise,  an  attack 
is  virtually  inevitable.  Indeed,  as  Wenocur  and  Salant  (1981)  have 
established,  such  attacks  almost  surely  recur  infinitely  often — regardless 
of  the  initial  size  of  the  government  stockpile.  Section  IV  discusses 
the  economic  function  of  speculative  attacks  and  concludes  the  paper. 

II.  Pure  Depletion  under  Certainty 

In  this  section,  we  introduce  a  government  policy  of  price-pegging 
into  the  standard  Hotelling  model  of  an  exhaustible  resource.  Since 
this  model  contains  neither  randomness  nor  additions  to  stocks,  it 
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permits  attention  to  be  focused  exclusively  on  the  causes  of  specu¬ 
lative  attacks. 

A.  Equilibrium  in  the  Hotelling  Model  with  No  Government  Intervention 

We  begin  by  summarizing  the  simplest  laissez-faire  Hotelling  model 
in  discrete  time^  Readers  unfamiliar  with  this  model  and  wishing  to 
see  a  rationalization  of  its  assumptions  within  a  general-equilibrium 
framework  are  directed  to  Appendix  1. 

There  are  two  types  of  agents:  consumers  and  extractor-specu¬ 
lators.  The  aggregate  behavior  of  consumers  of  the  exhaustible 
resource  is  summarized  by  a  demand  curve  that  is  time-separable, 
stationary,  dependent  on  the  contemporaneous  price  of  the 
resource  and  on  no  other  prices,  and  independent  of  income.  For 
simplicity,  it  is  assumed  that  the  demand  curve  intersects  the  vertical 
axis  at  some  "choke  price,"  P  .  Denoting  the  demand  curve  by  D(Pt> , 
we  have: 

D(Pt)  >  0  for  Pt  <  PC, 

=  0  for  P  ^ 

and  D’(Pt)  <  0  for  all  Pt- 

Extractor-speculators  are  assumed  to  have  perfect  foresight,  a 
finite  initial  stock  of  the  resource,  zero  extraction  costs,  and  zero 
costs  of  storage.  Denote  the  exogenous  stationary  real  rate  of  interest 
by  r,  the  price  sequence  which  extractor-speculators  take  as  given  by 
{Pt>,  their  aggregate  net  sales  (or  purchases,  if  negative)  by  x  and  the 
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stock  remaining  at  t  prior  to  net  sales  then  by  Kt .  Extractor- 
speculators  are  assumed  to  maximize  their  wealth: 


Maximize 


t=l 


P 

t 


x 


t 


subject  to  K  =  K 


Kt+1  “  Kt  -  Xt 


and  K.^  i  0,  for  t  =  1,  2... 


where  6  = 


and  {P  }  is  given  parametrically . 


In  subsection  B,  the  forces  which  motivate  a  speculative  attack  are 
highlighted  by  provisionally  assuming  that  speculation  (purchases  from 
the  market  by  extractor-speculators  for  resale  in  the  future)  cannot 
occur.  Hence,  in  that  subsection  only,  we  impose  the  constraint  that 
xt  2  0  in  the  foregoing  maximization  problem. 

Since  the  objective  function  of  the  extractor-speculators  is 
linear  in  xt,  sales  will  take  place  only  in  periods  where  the  discounted 
price  is  highest.  For  the  same  reason,  speculative  purchases  will 
take  place  only  in  those  periods  where  the  discounted  price  is  lowest. 

In  equilibrium,  the  price  must  increase  in  each  period  by  no  more  than 
the  rate  of  interest.  For  suppose  Pt+^ > Pt(l+r)  on  some  t.  Then  the 
extractor-speculators  could  make  infinite  profits  by  purchasing  an 
infinite  amount  of  the  resource  in  period  t,  storing  it,  and  then  re¬ 
selling  it  at  t+1.  Since  there  exists  only  a  finite  amount  of  the 
resource,  such  behavior  would  create  excess  demand  at  t  and  could  not 
occur  in  equilibrium.  We  now  define  and  characterize  more  fully  a 
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laissez-faire ,  competitive  equilibrium  in  the  Hotelling  model. 

A  competitive  equilibrium  is  a  price  sequence  {P  }  and  a  net  sales 
sequence  {xt}  such  that  no  other  net  sales  sequence  can  strictly  increase 
the  discounted  wealth  of  the  extractor-speculators  at  the  given  prices 
and  such  that  {xt} satisfies  the  demand  induced  each  period  by  the  price 
sequence  {p  }.  Hotelling  established  that  a  unique  competitive 
equilibrium  exists  under  laissez-faire  which  can  be  characterized  as 
follows : 

Pt  =  p1<1+r)tl 

OO 

l  D[P  (l+r)t_1]  =  K 
t=l 

and  xt  =  D(Pt) ,  for  t  =  1,  2,... 

In  equilibrium,  the  price  of  the  resource  rises  at  the  real  rate  of 
interest  from  that  unique  level  which  induces  the  sum  of  the  demands 
over  time  to  equal  the  initial  stock  (K) . 

B.  Competitive  Equilibrium  with  Government  Pegging  but  with  No 
Speculative  Purchases 

We  now  consider  how  the  equilibrium  would  be  displaced  if  the 
government  intervened.  Specifically,  suppose  the  government  attempted 
to  peg  the  real  price  of  the  resource  (call  it  "oil")  by  standing 
ready  to  purchase  whatever  oil  is  offered  or  to  sell,  if  necessary,  all 
of  its  limited  stock  to  maintain  the  offical  price  relative  to  that  of 
some  storable  background  good.-^  Denote  by  G  the  government  stock  of 
oil  at  the  beginning  of  period  t,  prior  to  government  intervention  in 
that  period.  Then  the  government  policy  of  attempting  to  peg  the  market 


-8- 


price  at  the  official  rate  P  may  be  described  as  follows: 

If  Pt  >  Gt+1  =  ° 


If  Pt  =  P,  Gt+1e[0,  C] 


If  Pt  <  P>  Gt+1  =  C 


where  C  is  the  exogenous  maximum  stock 
of  oil  the  government  can  hold  due  to 
physical  or  financial  constraints. 


That  is,  if  the  market  price  ever  exceeds  the  official  level,  it  is 
because  the  buffer-stock  manager  has  run  out  of  reserves  to  sell.  If 
the  market  price  ever  drops  below  the  official  level,  it  is  because  the 
manager  cannot  acquire  additional  reserves.  For  simplicity,  it  is  assumed 
(until  the  generalization  in  Section  III)  that  C  is  so  large  that  the  market 
price  never  falls  below  P.  Finally,  it  is  assumed  that  the  government 
has  no  oil  initially  (G^  =  0) ,  but  has  a  stock  of  background  good 
large  enough  to  buy  the  entire  private  reserve  of  oil  (K)  at  the 
official  price. 

If  the  official  price  is  set  below  the  price  which  would  prevail 
under  laissez-faire,  the  laissez-faire  equilibrium  will  persist  since 
no  one  would  sell  oil  to  the  government  at  a  loss  and  the  government  by 
assumption  has  no  initial  stocks  of  oil  to  sell.  If  the  official  price 
is  set  above  the  laissez-faire  price  but  below  the  choke  price,  the 
government  will  bid  up  the  market  to  P  by  its  purchases.  But  it 
cannot  sustain  this  market  price  forever.  Since  reserves  acquired 
by  the  government  are  finite,  they  cannot  satisfy  t.ie  demand  induced 
by  the  official  price  forever — even  if  the  government  initially 


purchased  every  drop  of  oil  on  the  planet. 

The  market  incentives  which  trigger  an  attack  can  best  be  understood 
by  considering  initially  the  equilibrium  price  sequence  which  the 
government  policy  would  induce  in  the  absence  of  speculative  purchases. 
That  is,  we  provisionally  require  that  ~  0  and  compute  the  competi¬ 
tive  equilibrium  with  attempted  price-pegging.  Since  (by  assumption) 
the  government  follows  its  policy  rule,  it  would  prevent  the  price  from 
falling  below  the  official  level  (P)  by  purchasing  at  that  rate  of 
exchange  all  the  oil  which  extractors  offered,  and  would  allow  the  price 
to  rise  above  that  level  only  if  it  ran  out  of  reserves  to  sell.  Since 
(by  assumption)  the  extractors  maximize  the  sum  of  discounted  profits, 
they  wcwld  sell  their  stock  (K)  at  the  highest  discounted  price  (if 
the  highest  discounted  price  occurred  on  different  periods,  there  would 
be  indifference  as  to  the  allocation  of  the  stock  among  such  periods) . 

In  equilibrium,  the  extractors  must  voluntarily  sell  oil  to  the 
government  on  the  first  period  and,  in  the  absence  of  speculation, 
directly  to  consumers  after  the  buffer  stock  is  exhausted.  Thus, 
the  equilibrium  price  path  must  consist  of  two  discontinuous  pieces 

and  can  be  constructed  from  the  curves  in  figure  1.  The  first  piece  of 

(Fig.  x  goes  here.) 
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the  path  is  horizontal  at  the  official  price.—  The  second,  higher 
piece  rises  at  the  rate  of  interest  from  a  level  which  has  a  present 
value  equal  to  P  until  the  choke  price  (Pc)  is  reached.  Given  such  a 
price  path,  extractors  would  be  willing  to  sell  either  in  the  first 
period  or  between  the  time  the  .price  jumps  up  and  the  time  it  reaches 
the  choke  price.  Define  t  as  the  last  period  before  the  upward  jump. 

If  t  =  1,  the  price  would  initially  be  P  but  then  would  rise  at  the 
rate  of  interest.  Since  P  is  assumed  to  exceed  the  laissez-faire  price. 
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however,  such  a  path  would  induce  less  cumulative  demand  than  is  required  to 

exhaust  the  initial  stock.  (K.)  .  Hence,  any  equilibrium  must  have  t  ai-  The 

larger  t,  the  greater  the  cumulative  demand  which  is  induced  by  the 

resulting  price  path.  If,  for  example,  t  is  increased  from  k  to  k  +  1, 

—  /  — ■  k  \ 

cumulative  demand  would  increase  by  D(P)  -  D|P(l+r)  ),  i;v  lengthening  t 

sufficiently,  we  can  construct  a  path  which  induces  a  cumulative  demand 

—  .  -  9  / 

of  K.  In  this  equilibrium,  the  price  will  jump  up  at  t  +  1.—  Two  cases 

might  arise.  In  the  first,  P(l+r)t  Pc;  in  this  case  the  price  jumps  to 

a  level  which  induces  positive  demand.  In  the  second,  P(l+r  )c  -  Pc;  in  this 

case  the  price  jumps  to  a  level  which  induces  zero  demand.  In  the  former 

case,  extractors  sell  part  of  their  reserves  initially  and  retain  the 

remainder  for  sale  after  the  price  jump.  In  the  latter  case,  extractors 

sell  all. of  their  reserves  initially.  In  either  case,  however,  the  price 

must  jump  up  at  t  +  1  in  any  equilibrium. 

C.  Competitive  Equilibrium  with  Government  Pegging  Once  Speculative 
Purchases  Are  Permitted 

It  has  been  shown  that  the  equilibrium  price  path  in  the  absence  of 
speculative  purchases  always  has  an  upward  jump.  We  now  consider  how 
the  equilibrium  changes  when  such  purchases  are  permitted.  That  is,  we 
drop  the  nonnegativity  constraint  on  x^.  The  old  equilibrium  price 
path  would  then  give  extractor-speculators  an  incentive  to  buy  inf inite  amounts 
at  the  official  price  on  the  period  before  the  jump  (t)  and  to  sell  some¬ 
time  afterwards .-^^Given  any  amount  to  be  acquired,  the  least  costly 
acquisition  strategy  is  to  purchase  on  the  last  period  before  the  jump — 
rather  than  more  gradually--s ince  gradual  acquisition  at  the  official 
price  would  result  in  unnecessary  interest  costs. 

Infinite  speculative  purchases  cannot  occur  in  equilibrium. 


If  they  were  attempted,  they  would  cause  the  buffer  stock  to  be  depleted 
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sooner;  however,  the  corresponding  subsequent  sales  would  cause  the 
second  piece  of  the  price  path  to  begin  at  a  lower  level.  Indeed,  if 
speculators  acquired  a  large  enough  stock,  the  upward  jump  in  the  price 
path  would  be  eliminated  altogether  and  no  incentive  for  a  larger 
acquisition  would  remain.-— ^The  absence  of  a  price  jump  would  induce 
extractors  to  sell  their  entire  stock  to  the  government  in  the  first 
period.  It  will  be  shown  that  such  a  situation  constitutes  the  new 
equilibrium. 

If  speculators  acquired  some  stock  K  in  the  attack,  the  price  would 
(in  accordance  with  the  Hotelling  principle  (1931))  immediately  adjust  to 
a  level  (P  )  permitting  absorption  of  K  along  a  path  rising  over  time  at 
the  rate  of  interest.  The  larger  the  stock  to  be  absorbed,  the  lower 
the  initial  price  on  the  second  piece  of  the  price  path: 

P  =  Ph(K),  PjJ(K)  <  0. 

In  the  simple  case  under  consideration,  this  function  can  be  written 
implicitly  as  a  single  equation: 

00 

Id  Pjd+r)1'1  =  K. 

t=l 

Let  A  denote  the  smallest  government  stock  consistent  with  maintenance 
of  the  official  price.  On  the  period  when  the  government  stock  first 
declines  below  A,  speculators  will  suddenly  buy  the  entire  remaining 
government  stockpile  at  P.  "A"  is  referred  to  as  the  "attack  threshold." 
Analytically,  it  is  defined  by  P^(A)  =  P;  graphically,  it  is  determined 
in  figure  2. 

(Fig.  2  goes  here.) 

It  is  easy  to  verify  that  the  attack  could  occur  neither  earlier  nor 
later.  If  the  attack  were  to  occur  earlier,  when  the  government  stock 
exceeded  A,  speculators  would  take  a  loss.  For  the  market  price  on  the 


period  of  Che  attack  would  then  fall  beneath  P.  Since  it  is  not  optimal 
for  farsighted  speculators  to  purchase  in  anticipation  of  a  loss,  an 
attack  on  a  stock  larger  than  A  is  a  disequilibrium.  Alternatively,  sup¬ 
pose  one  period  had  elapsed  with  government  reserves  less  than  A  before 
the  attack  occurred.  Then  the  stocks  acquired  would  be  smaller  than 
A  -  D(P) .  But  then  the  market  price  on  the  period  of  the  attack  would 
exceed  P(l+r)  and  in  anticipation  of  that  price  there  would  have  been 
infinite  demand  by  speculators  on  tne  previous  period  at  the  official  price. 

In  the  equilibrium,  the  government  maintains  the  official  price 

prior  to  the  attack.  To  do  so,  the  government  initially  must  purchase 

12/ 

the  offerings  of  extractors  who  sell  their  entire  stock — ’  at  the 
highest  discounted  price  (the  initial  price) .  The  government  must  then 
sell  to  the  market  at  the  rate  D(P) .  When  the  stock  falls  below  A, 
speculators  suddenly  attack  the  remaining  reserves;  they  then  sell 

over  time  at  prices  rising  without  a  jump  from  the  official  price  by 

13/ 

the  rate  of  interest. —  This  scenario  is  an  equilibrium  since  (1)  the 
actions  of  the  extractor-speculators,  consumers,  and  the  buffer-stock 
manager  are  compatible  (markets  clear) ;  (2)  the  government  is 
following  its  policy  rule;  and  (3)  the  extractor-speculators 
cannot  increase  discounted  profits  at  the  given  prices  bv  alterna¬ 
tive  behavior. 

We  conclude  this  section  by  making  two  observations.  First, 
this  simple  model  predicts  speculators  will  attack  swiftly,  with  no 
prior  activity,  and  before  consumers  have  depleted  the  government 
buffer  stock.  Such  behavior,  which  is  often  regarded  as  bizarre,  has 
been  shown  to  be  the  entirely  rational  response  to  the  market  incentives 
generated  by  the  price-stabilization  program.  Second,  introduction  of 
the  buffer-stock  program  raises  the  initial  price  and  therefore  increases 
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the  wealth  of  the  extractors  relative  to  laissez-faire.  In  such  a 
circumstance,  it  is  not  surprising  that  the  program  has  its  political 
adherents ^ 

III.  Generalization  to  Incorporate  Stochastic  Replenishment 
A.  Introduction 

In  the  previous  section,  we  introduced  a  government  pegging 
policy  into  the  simplest  Hotelling  model  of  an  exhaustible  resource. 

Since  there  are  no  additions  to  aggregate  stocks  in  that  model,  the 
reserves  of  the  government  decline  steadily — permitting  attention  to 
be  focused  on  the  incentives  for  speculative  attacks  which  a  reduced 
government  stock  creates. 

With  this  preliminary  understanding  of  the  determinants  of  specu¬ 
lative  attacks,  we  are  ready  to  consider  whether  attacks  persist  in 
more  complex  environments.  In  particular,  we  examine  the  effects  of 
a  stabilization  policy  in  the  standard  agricultural  carry-over  model 
analyzed  extensively  by  Gustafson  (1958),  Samuelson  (1973),  Kohn  (1978), 
and  many  others.  In  this  model,  private  carry-overs  are  augmented  each 
period  by  a  random  exogenous  harvest  (H^)  drawn  independently  from  a 
stationary  distribution.  As  in  the  Hotelling  model,  there  are  two  kinds 
of  private  agents:  consumers--whose  demand  depends  only  on  the  contempo¬ 
raneous  price — and  producer-speculators — whose  sequential  decisions 
maximize  their  expected  wealth.  As  in  the  Hotelling  model  of  Section 
II,  costs  of  production  and  storage  are  assumed  to  be  zero.  The  previous- 
assumption  of  parametric  price-taking  is  generalized  to  uncertainty  by 
assuming  that  producer-speculators  take  as  given  the  current  price 
and  the  future  probability-distributions  of  prices.  In  this  uncertain 


1 


-14- 

environment,  producer-speculators  are  assumed  to  maximize  sequentially 
their  current  expectation  of  future  discounted  profits.  hence, 
the  laissez-faire  Hotelling  model  of  the  last  section  can  be  regarded 
as  a  degenerate  case  of  this  more  general  model  where  the  stationary 
distribution  of  random  harvests  collapses  to  a  mass  point  at  zero. 

The  laissez-faire  equilibrium  to  this  model  has  been  studied 
repeatedly.  Our  goal  will  instead  be  to  deduce  the  properties  of  its 
equilibrium  when  the  government  intervenes  in  an  attempt  to  stabilize 
the  price  of  a  commodity  by  purchases  and  sales  from  a  buffer  stock. 

In  the  text,  only  a  policy  of  price  pegging  will  be  considered. 

However,  as  will  be  apparent,  the  approach  can  also  be  used  to  evaluate 
price  bands. 

In  uncertainty  models,  it  is  convenient  to  express  all  endogenous 
variables  as  functions  of  the  state  of  the  system.  In  this  model,  the 
size  of  private  and  government  stocks  are  the  state  variables.  Since 
we  are  considering  a  stationary  infinite-horizon  model,  the  market 
price  in  any  period  can  be  expressed  as  a  stationary  function  of 
the  state  variables:  P(K,G) ,  where  K.  denotes  the  private  stock  at 
the  beginning  of  the  period  (including  the  contemporaneous  harvest) 
prior  to  private  sales  or  purchases,  and  G  denotes  the  government  stock 
then  prior  to  intervention. 

it  will  be  convenient  to  re-write  the  definition  of  the  policy  of 
price  pegging  in  terms  of  the  government  stocks  (R)  at  the  end  of 
the  period.  Hence  the  government  pegging  policy  can  be  expressed 
as  follows: 


m 
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if 

P 

>  P, 

o 

II 

0S 

(1) 

if 

P 

=  P, 

R  e  [0,C] 

(2) 

if 

P 

<  P, 

R  =  C. 

(3) 

We  denote  this  correspondence,  which  characterizes  the  government 
policy,  as  R(P) . 

The  economy  evolves  according  to  the  following  system  of  stochastic 
difference  equations: 


•-0 

rr 

II 

P(Kt,Gt) 

(A) 

II 

K,  G:  =  G 

(3) 

^t+i 

=  Kt-  (D(Pt)  +  R(Pt)  -  Gt>  +  Ht+1 

(6) 

Gt+i 

=  R(Pt)  t  =  1,  2,  ... 

(7) 

The  first  equation  indicates  the  market  equilibrium  price  in  period  t 
for  any  given  values  of  the  state  variables  at  the  beginning  of  period 
t.  The  second  indicates  the  initial  values  of  the  state  variables. 

The  third  and  fourth  equations  describe  subsequent  transitions  in  these 
state  variables.  Given  P(K,G),  these  equations  describe  the  stochastic 
evolution  of  the  economy. 

The  rub  lies  in  characterizing  P(K.,G)  .  Samuelson  (1973)  charac¬ 
terized  the  equilibrium-price  function  in  the  laissez-faire  case 
by  first  specifying  a  stochastic  planning  problem  which  is  solved  in 
the  competitive  equilibrium,  then  analyzing  this  optimization  problem, 
and  finally  examining  its  associated  shadow  prices.  Unfortunately, 
since  there  is  no  reason  to  think  that — in  the  presence  of  government 
intervention — the  market  equilibrium  maximizes  anything  we  can 


pre-specify,  Samuelson's  approach  cannot  readily  be  extended. 

Our  approach  instead  will  be  to  analyze  a  set  of  restrictions 
on  the  price  function  which  must  hold  if  (1)  markets  clear  in  each 
period,  (2)  producer-speculators  maximize  at  each  stage  their 
expected  discounted  profits,  and  (3)  the  government  follows  its 
intervention  rule.  Any  price  function  satisfying  these  equilibrium 
conditions  must  solve  the  following  functional  conditions  for  each 
state  of  the  system: 

K  -(  D(P(K,G)  )  +  r(p(K,0))  -  g|  >  0  (8) 

and 

P(K,G)  -  6Ehp|k  -  |d(p(K,G))  +  r(p(K,G))  -  g|+  H,  r(p(K,G))  j  >  0  (9) 

with  complementary  slackness. 

The  term  complementary  slackness  means  that  at  least  one  of  the  two 
conditions  must  hold  with  equality.  Since  R(-)  is  defined  by  (1)  -  (3), 
the  left-hand-side  of  each  inequality  will  depend  only  on  P(K,G) .  Any 
function  which  satisfies  these  complementary  slackness  conditions  is 
said  to  be  an  equilibrium  price  function. 

These  conditions  place  restrictions  on  candidate  price  functions 
which  must  hold  in  any  competitive  equilibrium.  Their  economic  meaning 
will  now  be  clarified.  The  first  condition  indicates  that  private  stocks 
at  the  beginning  of  any  period  less  the  combined  amounts  absorbed  by 
private  consumers  and  by  the  government  must  not  be  negative.  That  is, 
the  carryovers  of  producer-speculators  must  be  nonnegative.  In  expressing 
actual  private  and  government  purchases  in  terms  of  eacli  sector's 
desired  purchases  ^D(')  and  R(*)  -  cj,  we  are  assuming  that  the  government 
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is  following  its  policy  rule  and  that  the  current  market  clears. 

The  second  functional  condition  indicates  that  the  current  price 
minus  the  current  expectation  of  next  period's  discounted  price  must 
not  be  negative.  If  it  were,  a  disequilibrium  would  result  since 
speculators  would  then  attempt  to  buy  infinite  stocks  today  with  the 
intention  of  storing,  selling  next  period,  and  making  infinite  expected 
profits.  The  assumption  that  producer-speculators  have  rational  expecta¬ 
tions  is  reflected  in  the  fact  that  their  current  expectation  of  next 
period's  discounted  price  is  equal  to  the  probability-weighted  average 
of  the  values  which  the  actual  equilibrium  price  function  would  take  at 
each  of  the  possible  realizations  of  the  state  variables.  The  first 
variable — the  private  stock  which  will  be  available  for  marketing  next 
period — is  equal  to  the  sum  of  inventories  carried  privately  and  the 
new  harvest.  The  second  variable  is  the  government  stock  carried  out 
of  the  current  period  and  into  the  next  period.  In  expressing  this 
latter  stock  in  terms  of  the  exogenous  R(*)  correspondence,  we  are 
assuming  that  the  government  is  following  its  policy  rule. 

Finally,  the  complementary  slackness  condition  indicates  that  if 
speculators  currently  expect  to  take  a  loss  by  carrying  inventories, 
they  will  carry  none.  And  if  they  carry  inventories,  no  loss  is 
currently  expected.  These  conditions  must  hold  if  producer-speculators 
maximize  expected  discounted  profits. 

It  will  be  established  in  the  next  subsection  that  there  exists 
only  one  solution  to  these  conditions.  Subsection  C  will  then  charac¬ 
terize  the  equilibrium  given  any  state  of  the  system  while  subsection  D 
discusses  the  stochastic  evolution  of  the  economy  in  light  of  the 
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and 


properties  of  P(K,G). 

B.  '  Determination  of  the  Equilibrium  Price  Function 

In  this  subsection,  we  will  prove  that  only  one  price  function 
solves  the  functional  conditions  discussed  above.  Moreover,  we  will 
show  how  this  price  function  can  be  constructed  recursively.  Since 
our  goal  is  to  focus  on  the  economics  of  the  model  without  getting 
distracted  by  the  mathematics — the  inclusion  of  which  is  necessary 
to  prove  that  a  unique  equilibrium  exists  and  to  characterize  its  pro¬ 
perties — we  adopt  the  following  approach.  We  first  make  five  assertions, 
each  of  which  can  be  verified  by  analysis  of  the  functional  conditions. 
Postponing  such  verification,  we  treat  these  assertions  as  assumptions. 

We  then  show  why  these  assumptions  imply  the  existence  of  a  unique 
solution  to  the  functional  conditions.  Finally,  we  verify  the  validity 
of  the  assertions.  This  last  demonstration  is  graphical  and  intuitive 
and  occupies  most  of  the  subsection. 

Consider  the  following  functional  conditions: 

K-(D(Pa-l«'G))  +  R(Pn-l(K’G))  “  G)  2  0 

Pn_l<K,C)  -  BV„(K  -(D(P„-1<K.G>)  +  R(P„-,(K*G>)-  G)  +"-  R(P„-1(K’G>))  2 

with  complementary  slackness, 

where  D(*)  and  R(”)  are  respectively  the  consumer  demand  curve  and 

government-policy  correspondence  defined  previously. 

(i)  Assume  that  for  each  price  function  P  (•,•)  in  some 

restricted  class,  these  conditions  can  be  solved  for  a 

unique  function  T  ,(*,•)•  Define  T  as  the  operator  which 
n-i 


•  ■  IWlll  3  I 


(10) 

0  (11) 
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maps  any  Pn(*,*)in  this  restricted  domain  to  Then 

any  fixeu  point  of  tnis  mapping,  clearly  solves  the  functional 
conui cions  (to)-(9))  associated  witii  the  infinite-horizon 
competitive  equilibrium.  Our  strategy  will  be  to  show — 

using  contraction-mapping  arguments — that  only  one  fixed  point 
exists  to  this  mapping  and  hence  only  one  solution  to  the 
functional  conditions.  Toward  this  end,  we  note  the  following 
additional  assumptions: 

(ii)  Assume  T  is  an  operator  defined  on  the  following  domain:  the  space 
of  continuous  functions  of  two  variables  wnich  are  bounded  between 
[0,P  ],  nonincreasing  in  each  argument,  and  no  less  sensitive  to 
the  first  than  to  the  second  argument.  By  "no  loss  sensitive" 
is  meant  that  for  any  function  P(K,G)  in  the  domain  of  T,  if 
K'+G'  =  K+G  and  K'_>  K,  then  P(K' ,G' )  <.  P  (K,G)  . 

(iii)  Assume  T  maps  back  into  its  domain. 

(iv)  Assume  that  if  P(K,G)  and  P(K,G)  are  any  two  functions  in 

A 

the  domain  of  T  and  P(K,G)  ^  P(K,G)  uniformly,  then 
TP(K,G)  >_  TP(K,G),  uniformly. 

(v)  Assume  that  there  exists  a  8e[0,l)  such  that  for  any  C  >  0  if 
P(K,G)  +  C  is  in  the  domain  of  T,  then 
T  |P(K,G)  +  c)  -  T  P(K,G)  +  6C,  uniformly. 

Then  it  is  easily  shown  that  T  is  a  contraction  mapping  of 
modulus  6  with  respect  to  the  sup.  norm. -^^And  since  its  domain  is  a 
closed  subspace  of  a  complete  metric  space  and  hence  is  itself  a 
complete  metric  space  (Kelley,  1955,  p.  192),  the  classical  "principle  of 
contraction  mappings"  (Kolmogorov  and  Fomin,  1957,  p.  43)  implies  that 
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(a)  T  has  a  unique  fixed  point  and  (b)  this  fixed  point  can  be 
approximated  by  beginning  with  any  function  in  the  domain  of  T  and 
applying  T  repeatedly.  We  therefore  conclude  that  the  five  assumptions 
suffice  to  prove  the  existence  of  a  unique  equilibrium-price  function. 

We  now  verify  that  each  of  the  five  assumptions  is  in  fact  an  implica¬ 
tion  of  the  functional  conditions  ((10)-(11))  which  define  T.  To  begin, 

we  show  how  P  .(•,•)  can  be  deduced  from  any  P  (•,•)  in  the 
n-i  n 

domain  of  T.  It  is  convenient  to  define  the  auxiliary  function,  X: 

X  =  D  |p  1(K,G)|  +  R  -  G.  Substitution  of  X  then  permits  the  following 
simplification  of  the  conditions  defining  T: 


K.  -  X  >  0  (11) 

and  D_1(X  +  C  -  R)  -  BE  P  (K  -  X  +  H,  R)  £  0  (12) 

n  n 

with  complementary  slackness,  and 

R  =  R(P  ,)  •  (13) 

n- 1 

This  last  equation  defines  the  relation  between  Pn_^  and  R  which  must 
hold  if  the  government  is  following  its  policy  rule  of  price  pegging. 

We  portray  this  nonincreasing  relation  in  figure  3: 

(Fig.  3  goes  here.) 

The  remainder  of  this  subsection  is  organized  as  follows.  We 

will  show  that  the  complementary  slackness  conditions  which  define  T 

(together  with  the  definition  of  X)  imply  a  second  relationship  between 

P  1  and  R — for  each  (K,  G)  and  admissible  starting  function  P  (K,  G; . 
n-j.  n 

This  second  relationship  differs  from  the  first  in  three  important 
respects.  It  is  derived  using  Pn(K,  G) .  It  is  sensitive  to  (K,  G) . 

And  it  is  nondecreasing  in  R.  This  latter  characteristic  insures  that— 
for  any  (K,  G)  — the  vertical  component  (P^)  of  the  point  of  intersection 
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of  the  two  curves  (plotting  P  ^  against  R)  will  be  unique.  Moreover, 

as  (K,  G)  is  varied  the  second  curve  will  shift  and  the  unique  vertical 

component  (P^_^)  will  change.  In  this  way,  Pn_^(K,  G)  is  traced  out. 

As  noted  above,  the  second  relationship  between  Pn_^  and  R  depends 

on  the  starting  function  P^(K,  G) •  If  an  alternative  admissible 

starting  function  were  used,  the  derived  function  P  ,  (K,  G)  would 

n-i 

differ.  The  operator  T  is  simply  short-hand  to  represent  the  compli¬ 
cated  procedure  of  deriving  P  ,(K,  C)  from  P  (K,  G) .  Once  this 

n-1  n 

procedure  is  understood,  we  conclude  the  subsection  by  verifying  the 

validity  of  what  we  previously  assumed  about  the  operator  T. 

Given  (K,  G,  r)  and  any  P  (K,  G)  in  the  domain  of  T,  it  is 

n 

straightforward  to  compute  X  from  the  complementary  slackness  conditions. 

The  left-hand-side  of  (12)  is  the  difference  of  two  functions  of  X. 

The  inverse  demand  curve  is — by  assumption — continuous,  decreasing  and 

C  —  J_  c 

bounded  between  (0,  P  ] — with  D  (0)  =  P  .  The  second  function  is — by 
assumption — continuous,  bounded  between  [0,  BP  ]  and  nonincreasing  in 
its  first  argument.  Hence  the  left-hand-side  of  (12  )  is  continuous 
and  decreasing  in  X.  To  solve  the  complementary  slackness  conditions 
given  (K,  G,  R) ,  provisionally  set  X  =  K.  If  the  left-hand -side  of  ( 12) 

is  nonnegative,  the  conditions  are  all  simultaneously  satisfied.  If 
the  left-hf  .-side  of  (12)  is  negative  for  X  =  K,  lower  X  until  it 
equals  the  root  of  the  left-hand-side  of  (12).— ^  This  is  the  alter¬ 
native  way  of  simultaneously  satisfying  the  complementary  slackness 
conditions.  Since  the  difference  of  the  functions  is  continuous  and 
decreasing  in  X,  there  exists  a  unique  solution  to  ( 11)  —  ( 13)  ,  for 
each  (K,  G,  R) .  The  determination  of  X  is  illustrated  below  in 
figure  4. 

(Fig.  4  goes  here) 
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X  has  the  following  economic  interpretation.  It  is  the  sales 
(purchases,  if  negative)  which  producer-speculators  would  undertake  in 
aggregate  if  private  and  government  stocks  were  initially  (K,  G) ,  if 
the  government  retained  R  at  the  end  of  the  period,  and  if  the  price 
function  next  period  were  ).  The  left-hand-side  of  (12)  — 

plotted  in  figure  4 — is  the  discounted  loss  which  each  producer- 
speculator  would  rationally  expect  from  carrying  a  unit  of  stock  into 
the  next  period  given  (X,  G,  R,  X)  and  P  (.,.).  The  complementary 
slackness  conditions  state  that  producer-speculators  will  carry  no 
inventories  (K.  -  X  =  0)  if  they  expect  a  loss  (D  ^  gEPn  >  0) ;  and  if 
they  carry  positive  inventories  (K  -  X  >  0) ,  no  loss  is  expected 
(D  ^  -  gEP n  =  0).  These  conditions  are  therefore  implications  of 
profit-maximization  and  market-clearing.  As  figure  4  indicates,  they 
imply  a  unique  level  of  aggregate  sales  for  each  (K,  G,  R)  and  P  (•,•)• 

An  increase  in  K  shifts  up  the  expected- loss  curve  in  figure  4. 
dX 

Hence,  —  =  1  if  X  =  K  and  X  increases  in  K  otherwise.  An 

ClK  ,  K 

increase  in  G  will  shift  down  the  expected-loss  curve.  Hence 

dX  <  0  if  X  =  K  and  X  decreases  in  G  otherwise.  Inspection  of 

dG  K,  R 

the  formula  for  the  expected  loss  reveals  one  property  of  particular 
significance.  If  G  increases  by  some  amount  and  K  decreases  by  that 
same  amount — so  that  their  sum  is  unchanged — then  X  must  decrease  by 
that  same  amount.  It  can  be  verified  by  inspection  that  this  new  X 
will  continue  to  satisfy  the  complementary  slackness  conditions;  more¬ 
over,  since  the  expected~loss  function  is  decreasing  in  X,  this  solution 
dX 

is  unique.  Hence  —  R  R+G=  -1  for  X  <  K.  Finally,  since  P^K.G) 
is  assumed  to  be  nonincreasing  in  its  second  argument,  an  increase  in  R 
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dX 


K,  G 


0  and 


shift?-  up  the  expected-loss  curve.  Hence  if  X  =  K.,  — 

X  increases  in  R  otherwise.  Indeed,  our  assumption  that  P  (•,■  )  is 
"no  less  sensitive"  to  its  second  argument  than  to  its  first  implies  that 


0  £  — 

dR 


K,G 
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d  l.—  This  completes  tne  first  step  outlined  on 


page  20  for  deriving  the  nondecreasing  relationship  between  P  ^  and  R. 

The  second  step  is  less  involved.  Since  Dv,-)  is  invertible,  we 
can  express  P^_^  in  terms  of  (X,  G,  R)  :  P^  =  D  ^(X  +  G  -  R)  .  By  substi¬ 
tuting  the  speculative  sales  function  derived  in  step  one  into  this 
inverse  demand  curve,  we  can  re-express  as  a  function  of 


(K,  G,  R): 


Pn  ;L  =  D  1fx(K,  G,  R)  +  G  -  rJ. 


For  the  moment,  we  continue  to  suppress  the  dependence  of 

X(K,  G,  R)  and  now  P  , • on  the  starting  function  P  (K,G).  Since 

n-i  n 

Pn_^  is  a  continuous  function  of  a  continuous  function,  it  is 

continuous.  Since  D  1  e(G,  Pc]  P  e(0,  PC] .  Since 

n- 1 


dX 

dR 


dP 

.<  i  _ Gni 

K,  G  “  *  dR 


K,  G 


>  0.  For  any  (K,  G) ,  we  can  therefore  plot 


Pn_^  as  a  continuous,  nondecreasing  function  of  R.  In  figure  5  below, 

we  plot  this  second  relationship  between  P  ,  and  R,  along  with  the  first 

n-X 

relationship  from  figure  3. 


(Fig.  5  goes  here) 


The  vertical  component  (P  of  their  intersection  point  is  unique 

since  one  curve  is  nonincreasing  and  the  other  nondecreasing.  P  is 

the  unique  market  price  which  must  result  if  the  government  follows  its 

policy  rule,  producer-speculators  maximize  expected  profits  forming  their 

expectations  from  P  (*,•)»  markets  clear,  and  stocks  at  the  beginning 
n 

of  the  period  are  (K,  G) . 

As  (K,  G)  is  varied,  the  nondecreasing  curve  shifts  and  P  , (K,  G) 

n-i 

is  traced  out.  P  .(K,  G)  will  be  continuous  and  bounded  between 
n-i 

r 

(0,  P  ].  Since  X  increases  in  K,  an  increase  in  K  (holding  G  fixed) 
will  shift  the  nondrecreasing  curve  down  for  each  R.  Consequently, 

P^_^  (K,  G)  is  nonincreasing  in  its  first  argument.  If  K  decreases  and 
G  increases  by  the  same  amount — so  that  their  sum  is  constant — then 


for  fixed  R,  X  will  decrease  by  the  same  amount  as  K 


dX 

idG 


R,  K+G' 


-4 


Consequently,  for  any  R,  would  be  unaffected: 


dP 


n-1 


dG 


R,  K+G 


R,  K+G 


+  1 


0. 


Hence  Pn_-^  (K,  G)  is  nonincreasing  in  each  argument  and  ''equally 

sensitive"  to  each  argument.  By  "equally  sensitive"  is  meant  that  if 

K'  +  G'  =  K  +  C,  and  K'  >  K,  then  P  ,  (K',  G')  =  P  ,  (K,  G)  . 

n-1  n-1 

We  conclude  this  subsection  by  verifying  the  validity  of  each  of 
our  five  assertions  about  T.  We  have  shown  that  for  any  starting  function 
Pn  (K,  G)  in  the  domain  of  T,  a  unique  function  Pn_^  G)  is  implied  by 
the  functional  conditions  ((10)-(11))  which  define  T.  Furthermore,  this 
image  under  T  will  be  continuous,  nonincreasing  in  either  argument, 
bounded  between  (0,  PC]  and  "equally  sensitive"  to  its  two  arguments. 


Hence  T  maps  back  into  its  domain  and  assumptions  (i)  -  (iii)  are 
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verif ied. 

It  remains  to  verify  assumptions  (iv)  and  (v) .  Suppose  we 

had  started  with  a  function  P  (K,  G)  which  was  nowhere  smaller  than 

n 

Pn(K,  G) .  That  is,  P  (K,  G)  >  P  (K,  G)  for  all  (K,  G) .  Then,  for  any 
(K,  G,  R)  the  expected-loss  function  of  figure  4  would  have  been 
nowhere  higher.  Consequently,  the  speculative  sales  function  derived 
from  the  alternative  price  function  X(K,  G,  R)  would  have  been  nowhere 
larger:  X(K,  G,  R)  £  X(K,  G,  R)  and — by  substitution — 

D-1(x  (K,  G,  R)  +  G  -  r)  2  D_1(x(K,  G,  R)  +  G  -  r)  .  Hence,  since  the 
nondecreasing  relationship  between  P^_^  and  R  would  be  nowhere  lower, 
Pn_1(K,  G)  >  P  (K,  G)  uniformly.  This  verifies  (iv)  . 

Suppose,  instead,  we  had  started  with  the  function 
P^CK,  G)  =  Pn(K,  G)  +  C,  for  some  C  >  0.  Then  for  any  (K,  G,  R)  the 
expected -loss  function  of  figure  '4  would  have  been  shifted  down  by 
SC.  Two  situations  might  arise.  If,  for  a  particular  (K,  G,  R) 

X(K,  G,  R)  <  K  then  X(K,  G,  R)  <  K  and  D_1(X(K,  G,  R)  +  G  -  r)  = 

D  "*~|x(K,  G,  R)  +  G  -  r)  +  gC.  That  is,  if  for  a  given  (K,  G,  R)  ,  inven¬ 
tories  were  carried  previously,  then  an  increase  of  SC  in  the  expected 
discounted  price  tomorrow  would  result  in  an  equal  increase  in  the 
current  price.  Hence,  since  the  nondecreasing  relationship  between 

P  .  and  R  would  be  higher  by  Be,  P  ,(K,  G)  £  P  _(K,  G)  +  SC. 
n-i  n-i  n-1 

Alternatively,  if  for  a  particular  (K,  G,  R) ,  X(K,  G,  R)  =  K  then 

X(K,  G,  R)  <  K  and  D_1(x(K,  G,  R)  +  G  -  r)  <  D-1[x(K,  G,  R)  +  G  -  r)  +  6C. 

That  is,  if  for  a  given  (K,  G,  R) ,  inventories  were  not  previously 

carried,  an  increase  of  gC  in  the  expected  discounted  price  would 

raise  the  current  price  by  no  more  than  gC.  In  this  case  too, 

P  (K,  G)  <  P  (K,  G)  +  SC.  This  verifies  (v) . 
n- 1  n—  l 
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We  conclude,  therefore,  that  a  unique  price  function  solves  the 

equilibrium  conditions  of  our  model.  Moreover,  a  similar  approach  can 

be  used  to  show  that  a  unique  price  function  exists  for  the  case  of  a 
18  / 

price  band.—  In  the  next  subsection,  we  study  the  properties  of  the 

equilibrium  under  price-pegging  for  any  state  of  the  system. 

C.  Properties  of  the  Equilibrium  with  Attempted  Pegging  for  Any  State 
of  the  System 

In  this  subsection,  we  study  the  key  aspects  of  the  equilibrium 
associated  with  each  pair  of  stocks  (X,  G) .  We  first  note  that  the 
market  price  and  hence  end-of-period  government  stock  can  be  expressed 
as  a  function  of  the  sum  of  private  and  government  stocks  (K  +  G) . 

We  study  properties  of  each  of  these  functions  and  discover,  once  again, 
an  attack  threshold.  If  the  combined  stock  falls  beneath  this  threshold, 
speculators  purchase  the  entire  government  stock  and  the  market  price 
breaks  through  the  ceiling.  In  the  final  subsection  we  will  study  the 
stochastic  evolution  of  the  economy  and  the  odds  that  such  attacks 
occur  and  recur. 

Recall  that  the  existence  of  a  unique  equilibrium  price  function  was 
established  in  subsection  B.  This  price  function  is  the  fixed  point  of 
the  mapping  T.  Since  any  image  of  T  is  equally  sensitive  to  its  two  argu¬ 
ments  and  the  equilibrium  price  function  is  the  image  (of  itself)  under  T, 

P(K,  G)  must  possess  this  property  of  equal  sensitivity.  Hence,  we  can  ex¬ 
press  the  equilibrium  price  as  a  nonincreasing  function  of  a  single  variable — 
the  sum  of  the  private  and  government  stocks.  Denote  this  sum  by  it. 

That  is,  0  =  K  +  C.  Since  the  fixed  point  is  equally  sensitive  to  its 
two  arguments,  the  speculative  sales  function  derived  from  it  (x(K.G,R)) 

has  the  property  that  ^  X(K,G,R)  =  l  for  X(K,G,R)  K.  That  is,  for 

K,G 


-27- 


any  (K,G),  increases  in  R  result  in  equal  increases  in  X  until 'X  hits 
its  maximum  value  (K.)  and  can  increase  no  further.  This  property  of 
the  speculative  sales  function  in  turn  affects  the  shape  of  the  non¬ 
decreasing  function  in  figure  5.  For  any  (K,  G)  as  R  increases  from 
zero,  X  increases  at  the  same  rate  as  R;  hence  D  '*'^X(K,G,R)  +  G  -  R)  is 

unaffected.  That  is,  D  '''(x(K,G,R)  +  G  -  R|  I  =0,  for  X(K,G,R)  K. 

dK  5  K , G 

Once  X  =  K,  d-PJR<~  ^  rg  =  d1(K  +  G-R)  >0.  Thus,  for  any  (K,C)  ,  as 
R  increases,  the  function  remains  constant  for  some  interval,  kinks, 
and  then  increases  thereafter.  Along  the  increasing  segment,  X  =  K. 
and  P  =  D  -  R) .  The  increasing  segment  is  therefore  simply  a 

laterally-displaced,  mirror  image  of  the  inverse  demand  curve  (for 

—  —  X  c 

P  > P;  .  When  R  =  0,  the  increasing  segment  equals  D  (0)  =  P  .  Thus, 

whenever  the  equilibrium  occurs  on  the  horizontal  portion  of  the  kinked 

curve,  X  <  K  and  speculators  carry  inventories;  whenever  it  occurs  on 

the  increasing  segment  of  the  kinked  curve,  X  =  K  and  speculators 

carry  zero  inventories.  The  size  of  the  combined  stock  (K  +  G  =  ) 

underlying  any  particular  kinked  curve  can  be  determined  by  noting 

where  it  intersects  the  horizontal  line  of  height  PC. 

Figure  6  depicts  the  family  of  these  kinked  curves  and  is  derived 

from  the  equilibrium  price  function.  Higher  values  of  »  are  associated 

with  lower  curves.  We  have  drawn  the  increasing  segment  of  each  kinked 

curve  as  linear  for  greater  legibility,  but  make  no  use  of  this 
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characteristic. —  Some  price  functions  in  figure  6  emanate  from  the 
vertical  axis  with  a  horizontal  slope  and  then  are  kinked,  while  others 
emanate  with  a  positive  slope  and  have  no  kinks.  It  can  be  shown  in 
general  that  the  locus  of  kinks  rises  to  the  left  until  it  intersects  the 
vertical  axis,  and  that  the  price  functions  with  higher  v  rtical  intercepts 


have  no  kinks.— ^ 


(Fig.  6  goes  here) 

Figure  6  also  contains  the  nonincreasing  government  policy 
correspondence  of  figure  5.  As  0  increases  from  zero,  the  kinked 
curve — which  depends  on  0 — shifts  down  and  its  point  of  intersection 
with  the  government  policy  rule  changes. 

We  record  tiie  derived  information  in  the  two  panels  of  figure  7 
In  the  first  panel,  we  plot  against  9  the  vertical  component  of  the 
points  of  intersection,  P(0).  In  the  second  panel,  we  plot  against  0 
the  horizontal  component  of  the  points  of  intersection,  r(p(6)|  .  These 
two  panels  summarize  the  market  price  and  end-of-period  government 
stock  associated  in  equilibrium  with  each  0.  As  can  be  seen  in  figure  6 
if  0  =0,  P(0)  =  PC  and  r(p ( 0)  )  =  0.  As  0  increases,  P(9)  declines  and 
R  ( p(  e) )  remains  zero.  Eventually,  e  reaches  a  threshold,  denoted  A,  such 
that  P(0)  =  P  for  6  =  A  and  P(0)  >  P  for  0  <  A.  R ( P ( 0 ) )  at  this  point 
is  indeterminate.  The  indeterminacy  arises  because  the  horizontal 
segment  of  the  kinked  curve  coincides  with  the  horizontal  segment  of 
the  government  policy  rule.  Denote  the  demand  Induced  by  the  official 
price  as  Z.  That  is  D(P)  =  Z.  Then,  p  =  d_1(X  +  G  -  R)  =  P  or 
R=X+G-Z.  In  the  indeterminacy,  X  varies  between  Z  -  G  and  K; 
correspondingly f  R  varies  between  0  and  A  -  Z.  As  0  increases  beyond  A, 
P(9)  =  P.  Since  the  increasing  segment  of  the  kinked  curve  intersects  the 
policy  rule,  X  =  K  in  this  range  and  no  private  stocks  are  carried. 

Since  D  '  +  G  -  R)  =  P,  R  =  0  -  Z.  Hence  as  9  increases,  R  increases 

at  the  same  rate  and  P(0)  =  P.  Eventually,  R  =  C  and  can  increase  no 

further.  At  that  point  0  =  Z  +  C.  For  0  >  Z  +  C,  P(G)  =  D  ^(0  -  C)  *  P 
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and  r(p(0))  =  C.  This  information  is  depicted  in  the  two  panels  of 
figure  7. 

(Fig.  7  goes  here.) 

Figures  6  and  7  are  not  completely  general.  The  appearance  of  the 
curves  in  figure  7  would  be  different  if  the  locus  of  kinks  (NM)  in 

figure  b  did  not  cut  P  at  some  Re (0,C) .  If  the  locus  cut  P  for  R  £  C, 

A  =  Z  +  C.  Consequently  the  horizontal  segment  of  the  price  function  in 
panel  (a)  and  the  positively-slope  portion  of  the  curve  in  panel  (b)  would 
disappear.  We  note  the  minor  differences  which  arise  in  this  case  in  foot¬ 
notes  22  and  23.  It  is  also  possible  that  the  locus  of  kinks  does  not  cut 

P  for  any  R  >  0.  This  cannot  occur  in  a  continuous-time  treatment  and 

arises  in  discrete  analysis  only  if  the  official  price  is  set  very  "close" 
to  the  choke  ^rice.  A  similar  case  arose  in  Section  II.  As  we  did  there, 

we  impose  a  weak  assumption  on  the  relationship  of  the  official  price  to 

21/ 

the  choke  price  which  insures  that  this  case  cannot  occur. — 

The  two  curves  in  figure  7  describe  many  aspects  of  the  equilibrium. 

As  long  as  the  combined  stocks  are  neither  too  large  nor  too  small 
(A  <  0  <  Z  +  C)  ,  the  government  can  peg  the  market  price.  But  if  0  >  7.  +  C, 
the  government  stockpile  cannot  be  enlarged  and  the  official  price  cannot  be 
supported.  Hence  P  <  P.  Alternatively,  if  0  <  A,  the  government  cannot  de¬ 
fend  the  ceiling  (P  >  P)  despite  its  liquidation  of  its  entire  stock  of  reserves. 
Note  that  as  0  crosses  A  from  above,  the  end-of-period  government  stock  drops 
precipitously.  Since  consumption  is  a  continuous  function  |d  (p(G)) j  of  0,  this 
sudden  reduction  in  government  stocks  has  as  its  counterpart  a  sudden  acquisi¬ 
tion  by  producer-speculators.  Hence,  a  speculative  attack  occurs  when  0  drops 

22/ 

below  A.  For  this  reason,  we  refer  to  A  as  the  attack  threshold. — 

Figure  6  depicts  one  other  phenomenon  of  interest.  As  o  is 
increased  beyond  Z  +  C,  the  market  price  falls  beneath  P. 


At  first  the  intersections  of  the  relevant  kinked  curves  and  the  policy 
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rule  occur  in  the  increasing  segment  of  the  kinked  curves.—  Beyond 

some  stock,  denoted  F  in  figure  6,  the  intersections  occur  on  the 

24/  — 

horizontal  segment  of  the  kinked  curves. —  Hence,  for  F  >  0  >  Z  +  C 
speculators  carry  no  stocks  between  periods.  For  0  >  F,  however,  they 
carry  stocks.  The  behavior  of  speculators  when  F  >  0  >  Z  +  C  is 
easily  understood.  For  0  in  this  region,  the  market  price  is  only 
slightly  below  the  official  ceiling  price.  Thus,  the  government  policy 
truncates  capital  gains  but  not  capital  losses.  Under  this  circum¬ 
stance,  it  is  not  profitable  for  speculators  to  carry  stocks.  If 
social  stocks  exceed  F,  however,  the  market  price  is  depressed  enough 
below  the  ceiling  that  the  potential  capital  gains  attract  speculation. 
Similar  properties  are  to  be  expected  in  models  with  price  bands. 

Speculators  will  hold  no  stocks  when  the  market  price  is  slightly  below 
a  ceiling  but  will  hold  inventories  when  the  market  price  is  slightly 
above  a  floor.  Such  situations  are  often  labelled  "one-sided  bets" 
against  breaches  of  the  ceiling. 

Given  P(0)  ,  we  can  compute  the  discounted  expected  price  on  the 
following  period  as  a  function  of  0:  SEP^O  +  H  -  d(p(0))  j  .  Current 
and  discounted  expected  price  are  plotted  together  in  figure  b. 

(Figure  8  goes  here.) 

For  any  6,  the  discounted  expected  price  either  equals  or  is  less  than 
the  current  price.  Whenever  a  capital  loss  is  expected  (for  example, 
when  A  <  0  <  F) ,  speculators  carry  zero  inventories  (K  -  X  =  0) . 

Figure  8  can  be  used  to  clarify  an  important  question.  One  mvslerv  ot 
speculative  attacks  is  why  there  is  never  a  range  of  social  stocks  lor  which 
the  government  maintains  the  official  price  while  speculators  hold  stocks? 
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Why  is  there  only  one  size  social  stock  which  induces  this  behavior? 

If — for  some  range  of  0 — speculators  held  stocks  while  the 

government  maintained  the  official  price,  then  the  discounted  expected 

price  would  have  to  equal  the  official  price  over  that  range  of  0.  But 

25  / 

as  figure  9  illustrates, —  the  expected  discounted  price  function  is 
strictly  decreasing  when  its  height  is  P  and  is  non-increasing  throughout. 
Hence  only  one  size  social  stock  is  consistent  with  private  holding  at 
the  official  price.  A  similar  result  holds  for  any  government  policy 
with  a  ceiling. 

D.  Stochastic  Evolution  of  6 

It  has  been  shown  that  a  unique  limiting  price  function  exists 
and  that  it  exceeds  or  falls  short  of  the  official  price  depending  on 
the  magnitude  of  0.  Three  regions  may  be  distinguished: 

Region  1  0  <  A,  ( P(0)  >  p) 

Region  2  Z  +  C  -  <J  >  A  (  P(0)  =  ?) 

Region  3  >  Z  +  C  (  P(0)  <  ?). 

Transitions  from  one  region  to  its  neighbor  have  the  following 
economic  interpretation.  If  0  crosses  from  region  2  to  region  1,  the 
government  loses  its  entire  stockpile  in  a  sudden  attack  and  can  no 
longer  prevent  the  market  price  from  exceeding  the  official  level. 

As  long  as  0  remains  in  region  1,  all  stocks  carried  between  periods 
are  held  by  private  speculators.  When  9  crosses  back  into  region  2, 
speculators  expect  inadequate  gains  and  sell  their  stocks  to  the  govern¬ 
ment  at  the  official  price.  As  long  as  9  remains  in  region  2,  all 
stocks  carried  between  periods  are  held  by  the  government.  When  0 
crosses  from  region  2  to  region  3,  the  government  is  no  longer  able 
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Co  purchase  the  additional  grain  necessary  to  support  the  market  price 
and  it  falls  below  the  official  level.  As  long  as  6  remains  in  region  3, 
the  government  continues  to  carry  its  full  capacity.  If  additional 
stocks  are  carried  they  must  be  held  by  private  speculators.  When  u 
crosses  back  into  region  2,  all  stocks  are  once  again  carried  by  the 
government . 

To  complete  the  analysis,  the  stochastic  evolution  of  0  must  be 
studied.  6  evolves  according  to  the  following  first-order  Markov  process: 

P  =  P ( 0  )  Price  Function 

®t+l  =  °t  +  ^t+1  ”  D(pt) J »  c  =  1>  2>  •••  Transition 

Equation 

0^  =  9,  Initial 

Condition 

Various  events  of  economic  interest  depend  on  0  and  it  is  some¬ 
times  possible  (even  without  Monte  Carlo  simulation)  to  compute  the 
probabilities  that  events  of  particular  interest  occur.  To  illustrate, 
we  will  investigate  the  probability  that  0  eventually  declines  below 
A  regardless  of  the  initial  size  of  the  private  plus  government  stocks 
and  also  the  probability  that  this  event  will  recur  "frequently." 

We  will  assume  that  the  official  price  is  set  to  induce  consumption 
equal  to  the  expected  harvest  (d(p)  =  E (H)  ) .  Consider  the  stochastic 
difference  equation  above.  If  it  were  true  that  P(9)  =  P  for  all  9, 

0  would  execute  an  ordinary,  additive  random  walk  with  zero  drift. 

In  fact,  although  P(0)  =  P  for  Oe[A,  Z  +  C] ,  the  function  is  decreasing 
elsewhere.  When  stocks  exceed  Z  +  C,  the  price  falls — stimulating 
additional  consumption;  when  stocks  fall  below  A,  the  price  rises — 
rationing  consumption.  Hence  the  stochastic  process  under  consideration 


w 
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is  a  variant  of  the  much-studied,  classical  random  walk —  and  can 
be  analyzed  by  using  well-known  results. 

A  typical  realization  of  9  is  represented  graphically  in  figure  9. 
The  question  of  whether  an  attack  must  occur  is  equivalent  to  the  question 
of  whether  9  must  eventually  drop  below  the  attack  threshold.  The 
question  of  its  recurrence  is  equivalent  to  whether  with  "virtual 
certainty"  9  drops  below  the  attack  threshold  more  than  any  finite 
number  of  times. 

(Figure  9  goes  here) 

The  claim  that  a  speculative  attack  is  virtually  inevitable  rests 
on  the  standard  theorem  in  random-walk  theory  popularized  in  the 
proposition  that  playing  a  fair  game  against  an  opponent  with  infinite 
wealth  "assures"  ruin.  That  is,  in  n  rounds  of  play,  various  distinct 
ordered  sequences  of  events  (wins  and  losses)  might  occur.  Each 
sequence  of  length  n  has  a  probability  attached  to  it.  The  sum  of 
the  probabilities  of  events  (sequences)  which  imply  ruin  (zero  wealth) 
approaches  one  for  large  n. 

Little  need  be  changed  to  apply  this  theorem  to  our  modified 
random  walk.  Assume  for  the  moment  that  the  disturbance  term 
(\  -  o(P(et>))  conformed  exactly  to  the  conventional  random-walk 
assumption  (zero  mean,  i.i.d.).  Then  0  would  hit  zero  with  probability 
one — and  would,  a  fortiori,  also  hit  the  attack  threshold.  More 
precisely,  for  any  n,  some  sequences  of  n  harvests  would  cause  the 
stock  to  drop  below  the  attack  threshold  and  some  would  not,  but  the 
probability  of  generating  sequences  in  the  former  class  can  be  made 
arbitrarily  close  to  one  by  suitable  choice  of  n.  For  any  n,  consider 
the  set  of  sequences  of  harvests  which  would  cause  "  to  cross  the  attack 
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threshold.  All  such  sequences  would  still  generate  attacks  if  proper 
account  is  now  taken  of  the  fact  that — when  combined  stocks  exceed 
Z  +  C — the  additive  disturbance  term  should  in  fact  be  smaller  than 
was  supposed  when  the  additional  induced  demand  was  neglected.  Indeed, 
some  sequences  of  harvests  which  did  not  result  in  a  crossing  of 
the  threshold  when  the  additional  component  of  demand  was  ignored 
would  result  in  an  attack  when  proper  account  of  it  is  taken.  Hence, 
for  any  n,  the  probability  of  an  attack  is  at  least  as  great  in  the 
case  of  our  modified  random  walk  as  in  the  conventional  case.  This 
proves  that  if  the  official  price  induces  demand  equal  to  (or  exceeding) 
the  expected  harvest,  the  buffer-stock  manager  will  almost  surely 
experience  a  speculative  attack.  As  for  the  possibility  of  repeated 
attacks,  Wenocur  and  Salant  (1981)  extend  the  recurrence  property  of 
the  discrete-time,  continuous-state,  classical  random  walk  with  zero 
drift  to  the  case  of  our  modified  random  walk.  They  demonstrate  that 
if  the  demand  induced  by  the  official  price  exactly  matches  the  expected 
harvest,  the  buffer-stock  manager  can  look  forward  with  virtual  certainty 
to  an  infinite  number  of  subsequent  attacks. 

IV.  Conclusion 

In  this  paper,  we  have  considered  situations  where  the  government 
is  unable  to  use  a  buffer  stock  to  stabilize  a  price  forever.  Its 
futile  attempts  to  do  so  result  either  in  upward  price  jumps  if  specu¬ 
lators  are  absent  or  in  speculative  attacks  if  speculators  are  present. 

The  economic  function  of  such  attacks  deserves  emphasis.  An  attack 
prevents  the  occurrence  of  dislocations  which  result  from  sudden  cut¬ 
backs  in  consumption.  Such  cutbacks  accompany  upward  jumps  in  price. 

One  general  consequence  of  competitive  speculation  is  the  elimination 
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of  all  upward  price  jumps  which  can  be  foreseen. —  When  the  government 
stocks  cross  a  threshold  beyond  which  a  future  price  jump  would  be 
expected,  the  prospective  jump  is  avoided  by  the  swift  "transfer"  of 
stocks  of  the  commodity  which  has  become  scarce  from  the  hands  of  the 
buffer-stock  manager,  who  would  continue  to  sell  the  remaining  reserves 
at  the  low  official  price,  to  speculators  who  will  sell  them  at  market 
prices  which  reflect  economic  scarcity.  The  attack  is  instantaneous 
because  of  the  linearity  of  the  government  sales  rule  and  the  fact  that 
speculators  in  aggregate  can  make  rapid  acquisitions  without  incurring 
increasing  congestion  costs. 

Whether  such  attacks  actually  occur  under  the  circumstances 
specified  in  this  paper  is  an  empirical  matter  which  no  amount  of 
theorizing  can  resolve.  The  predictions  of  the  paper  follow  logically 
from  the  assumptions.  Readers  who  doubt  the  validity  of  the  assumptions 
concerning  optimal  behavior  or  rational  expectations  may  question  the 
validity  of  the  theoretical  predictions.  Nonetheless,  it  should  be 
emphasized  that  although  these  assumptions  have  been  shown  to  be 
sufficient  to  generate  the  conclusions,  there  has  been  no  contention 
that  they  are  necessary.  On  the  contrary,  similar  conclusions  may  well 
follow  from  more  "realistic"  assumptions. 

Like  any  other,  this  theory  should  be  judged  by  the  accuracy  of 
its  predictions.  Fortunately,  experiments  have  been  designed  and 
executed  (Miller  et  al.,  1977)  which  strongly  support  the  predictions 
of  the  theory  of  intertemporal  competitive  speculation  in  the  absence  of 
government  intervention.  To  extend  these  laboratory  experiments  to 
situations  involving  attempted  pegging  seems  straightforward.  Such  an 
extension  would  permit  a  replicable  test  of  the  theory. 
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If  the  theory  predicts  well,  a  computerized  version  of  the  model — 
generalized  to  permit  analysis  of  ceilings,  floors,  and  bands — could  be 
used  to  forecast  the  consequences  of  each  of  the  many  proposed  buffer-stock 
schemes . 
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The  government's  desperate  attempts  to  stabilize  silver  prices  are 
summarized  in  Burke  and  Levy  (1969).  The  futile  attempts  to  keep  a  lid 
on  tin  prices  are  summarized  in  Fox  (1974). 


—  See,  for  example,  Bergsten  (June  8,  1977;  p.  9)  or  Bergsten  (June  b, 
1976 ;  p .  9)  . 
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—  In  Coreux's  evaluation  of  bands  [1978],  he  assumes  awa>  private- 
speculators  altogether  although  he  stresses  the  desirability  of  including 
them  and  "their  reaction  to  the  bufferstock  intervention  rule"  in 
future  work.  Two  econometric  studies  include  private  speculators  but 
fail  to  capture  their  reaction  to  the  policy  regime  facing  them.  In 

one  study  prepared  jointly  for  the  Departments  of  State,  Treasury, 
and  Commerce  by  the  Commodity  Research  Unit  (1977),  an  econometric 
model  of  the  copper  industry  was  estimated  under  the  conventional 
(but  erroneous)  assumption  that  agents  react  only  to  current  and  lagged 
prices.  Then — under  the  (false)  assumption  that  behavior  would  not  be 
affected  by  the  operation  of  the  government  buffer  stock — a  price 
forecast  was  generated.  In  many  of  the  simulations  reported,  the 
stockpile  was  exhausted  during  the  15-year  simulation  period  and  an 
upward  jump  in  price  resulted.  Such  price  paths  are  d isequi 1 ibria 
and,  as  such,  have  no  legitimacy  as  forecasts.  No  properly  specified 
model  would  generate  them.  In  another  study,  Schink  and  Smith 
[1976]  use  the  Wharton  EFA  model  to  evaluate  how  the  tin  market  would 
have  functioned  with  and  without  a  commodity  agreement  —  implicitly 
assuming  speculative  behavior  would  not  be  affected  by  the  change  in 
regime.  Both  the  CRU  study  and  the  article  by  Schink  and  Smith  are 
typical  of  the  kind  of  econometric  policy  evaluation  which  is  the  sub¬ 
ject  of  Lucas'  (1976)  critique. 


—  A  gene  al  computerized  version  of  the  model  could  be  used  first  to 
analyze  specific  proposals  (be  they  bands,  pegs,  ceilings,  or  floors) 
and  later  to  forecast  prices  once  a  proposal  is  implemented.  An 
excellent  start  on  such  a  model  has  been  developed  independently  by 
Gardner  [1979].  The  merit  of  the  present  analytical  treatment  is  its 
insights  into  the  properties  of  such  a  model. 


—  If  the  commodity  is  a  pure  depletable,  any  buffer  stock  used  to 
enforce  a  ceiling  on  its  price  (a  band,  for  example)  will  induce  an 
attack.  If  the  commodity  can  be  replenished  stochastically,  the 
probability  of  an  attack  depends  on  the  parameters  of  the  stab i 1 izat ion 
scheme.  For  example,  if  the  band  width  is  infinite  (laissez-faire) 
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no  attack  will  occur;  if  its  width  is  zero  (pegging) — and  if  D(P)  2  E(H)-- 
an  attack  will  occur  with  probability  one.  For  any  specific  proposal  a 
computerized  version  of  the  model  would  permit  calculation  of  ail  pro¬ 
babilities  of  interest. 


For  a  more  complete  exposition  of  this  model,  see  Section  II  and  III 
of  Weinstein  and  Zeckhauser  (1975)  . 
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See  model  two  of  Appendix  1. 
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—  The  diagram  and  description  in  the  text  are  correct  for  continuous 
time.  In  discrete  time,  a  bothersome  integer-problem  arises.  On  each 
period  of  government  sales  except  the  last,  the  market  price  equals  P. 
On  the  final  period  of  government  sales,  however,  the  stock  sold  at 
the  official  price  may  be  smaller  than  D(P)  and  hence  the  market  price 
can  exceed  P.  See  footnote  9. 
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la  continuous  time,  the  jump  occurs  at  t,  where  t  solves  the  following: 


tD(P)  +  I  D(Pert)dt  =  K 
t=t 


In  discrete  time,  t  is  the  final  period  of  government  sales.  In  light 
of  footnote  8,  t  is  that  integer  which  solves  the  following  equation: 

OO  __  -k 

(t-1)  D(P)  4-  \  DjPQ+r)1’  M  +  D(P£)  =  K  for  some  P£  such  that 
t  :=  t+1 

P(l+r)t_i  >  P£  2  ?. 
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—  In  continuous  time,  any  upward  jump  in  the  price  patK  would  Induce 
speculators  to  make  infinite  demands  the  instant  before  the  jump.  In 
discrete  time,  an  upward  jump  would  create  the  same  incentives  provided 
P(l+r)  <  Pc.  If,  instead,  the  official  price  were  set  just  under  the 


cnoke  price  P 


P  > 


1+r 


there  would  be  no  incentive  for  speculators 


to  attack.  We  assume  that  P(l+r)  <  P  and  omit  consideration  of  the 
alternative  case,  which  has  no  counterpart  in  continuous  time.  A  parallel 
assumption  is  made  in  Section  III.  See  footnote  21. 


—  In  continuous  time  the  market  price  equals  P  until  the  attack 
occurs  and  then  rises  without  any  jump  at  the  rate  of  interest.  In 
discre'e  time,  the  market  price  can  lie  in  the  interval  [P,  P(l+r) )on 
the  period  of  attack  as  a  result  on  an  integer-problem  arising  from 
period-analysis.  Hence  there  would  be  no  incentive  to  acquire  stocks  a 
period  sooner.  But  those  fortunate  enough  to  buy  from  the  government  at 
the  official  price  in  the  period  of  the  attack  would  make  an  immediate 
gain  proportional  to  their  acquisitions. 
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—  That  extractors  sell  their  entire  reserves  initially  is  a  conse¬ 
quence  of  the  assumption  that  marginal  extraction  costs  are  constant. 
Readers  finding  the  implication  unrealistic  should  consider  the  case 
where  marginal  extraction  costs  are  an  increasing  function  of  the  rate 
of  extraction.  This  case  also  generates  a  speculative  attack,  but  is 
not  considered  in  the  text  because  it  is  slightly  more  complicated. 

11/ 

—  Tiie  description  in  the  text  is  correct  in  continuous  time.  That  is, 
government  reserves  decline  to  A,  the  attack  threshold  defined  by 

CO 

I  —  f 

D(Pe  ) dx  =  A.  An  attack  then  occurs  and  the  market  price  on  the 

instant  of  attack  is  P.  In  discrete  time,  a  bothersome  integer-problem 
arises.  As  a  result, _the  market  price  on  the  period  of  the  attach  can 
lie  in  the  interval  [P,  P(l+r)  j  .  Since  this  is  an  artifact  of  periou 
analysis,  we  do  not  label  this  a  price  jump. 

14/ 

—  In  reality,  the  government  must  first  acquire  the  background  good 
(financing)  needed  to  swap  for  the  oil.  The  claim  in  the  text  is  true 
if  none  of  this  burden  is  imposed  on  the  extractors.  Otherwise,  they 
too  might  lose  even  though  their  profits  increase  from  sales  of  the 
resource . 

— ^  Blackwell  [1965]  proved  a  corresponding  proposition  for  operators 
defined  on  a  complete  linear  space.  Since  our  operator  is  defined  only 
on  the  closed  subspace  defined  in  (ii),  it  must  be  verified  that  his 
argument  that  T  contracts  remains  valid. 

Denote  j]  P  -  P  [|  =  sup  |  P(K,C)  -  P(K,G)  |  . 

K>0,G>0 

We  wish  to  show  that  (  i.v  )  and  (  v  )  imply  that  || TP  -  TP  ||  s  £  j|  P  —  P  |j 
for  some  Bt[0,  1).  For  any  pair  of  functions 

P(K,G)  4  P(K,G)  +  |[P  -  p[|,  uniformly. 

If  each  side  of  the  inequality  is  in  the  domain  of  T,  we  can  apply 
the  operator  to  each  side: 

T  P(K ,  G)  <  t(p(K,C)  +  ||  P-P  jjjunif  ormly  by  (iv). 

But  T(P(K,G)  +  ||  P-P  || )  <  TP(K,G)  +  B||P-P||,  uniformly  by  (v)  . 

Hence  TP(K,C)  -  TP(K,G)  <  d||P-P||,  uniformly. 

Reversing  the  roles  of  P  and  P  and  repeating  these  steps,  we  obtain: 

TP(K,G)  -  TP(K,G)  <  B||P-P||,  uniformly. 

This  verifies  that  jf TP  -  TP ff  £  B||P-P||  for  some  Be  [0,1).  Hence  T  is  a 
contraction  mapping  of  modulus  B  with  respect  to  the  sup.  norm  as  was 
asserted  in  the  text. 

—  By  assumption,  the  left-hand-side  of  (12)  is  negative  at  X  =  K. 

The  existence  of  a  unique  root  then  follows  from  the  fact  that  the 
left-hand-side  of  (12)  is  positive  at  X  =  R  -  G,  and  is  continuous  and 
decreasing  for  all  X. 
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— -  In  the  event  that  the  derivative  of  X(K,C,R)  does  not  exist  somewhere, 
we  can  express  the  corresponding  property  in  terms  of  first  differences. 
That  is,  if  R1  =  R  +  A  for  any  A  >  0  and  X'  =  X  +  A  +  e  then  (12)  and 
assumption  (ii)  that  P(K,G)  be  "no  less  sensitive  to  its  first  argument 
than  to  its  second"  implies  that  e  £  0.  Hence  K—A.  £  J. 

R'-R 
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— '  If  the  government  attempted  to  defend  a  real  price  band,  we  could 
express  its  policy  correspondence  as  follows: 


R  =  0 
Re  [0,  G] 
R  =  G 

Re [G,  C] 
R  =  C 


if 


P  > 
P  = 

<  P  < 


P 

u 

Pu 

P 

u 


p  = 
p  < 


where  P  and  P  denote  the  upper  and  lower  limits  of  the  band  (P  ^  P„). 
u  SL  *  u  i 

If  the  limits  are  equal,  the  policy  is  identical  to  attempted  pegging;  if 

P  =  Pc  and  P  =0,  the  policy  is  laissez-faire.  It  should  be  noted  that 
u  l 

this  new  government  policy  can  be  represented  by  a  different,  nonincreasing 
correspondence  in  P-R  space  (for  a  given  G)  and  that  profit-maximizing  specu¬ 
lative  behavior  would  give  rise  to  the  same  nondecreasing  curve  for  each  (K,G 
with  a  peg  (given  the  same  price  function  next  period).  However,  in  the 
case  of  a  band,  the  property  of  equal  sensitivity  is  not  inherited  by 
successors  in  the  sequence  of  price  functions.  Hence  the  infinite-horizon 
equilibrium  price  function  cannot  be  expressed  as  a  function  of  the  sum  of 
private  and  public  stocks. 


—  In  fact,  the  increasing  segment  will  be  linear  if  and  only  if  the 
inverse  demand  curve  is  linear  for  P  £  P. 


— ^  Each  price  function  is  kinked  where 

X  =  K  and  D_1(X  +  G  -  R)  =  gEP (K  -  X  +  H  +  R) 
or  D-1(0  -  R)  =  BEP(H  +  R) . 

Since  ^  >  0,  the  locus  of  kinks  (NM)  in  figure  6  is  downward-sloping. 

To  show  that  price  functions  above  the  point  where  the  locus  of  kinks 
cuts  the  vertical  axis  emanate  with  a  positive  slope,  note  that  if  R  =  0 

J  y 

and  G  is  reduced  (for  a  fixed  K) ,  X  must  remain  at  K  (since  —  |  =  0. , 

for  X  =  K).  d(’  K'R 
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—  If  the  locus  of  kinks  does  not  lie  above  P  for  R  £  0,  tnen 

D_1(X  +  G  -  R)  <  P  and  D-1(X  +  G  -  R)  -  &EP(K  -X+H+R)  >0 

for  R  =  0  and  X  =  K.  Hence,  P  >  D-1(0)  >  0EP(H).  That  is,  the  case 
we  wish  to  rule  out  occurs  only  if  the  official  price  is  set  so  high 
that — even  if  no  private  or  government  inventories  were  carried  into  the 
next  period — there  would  still  exist  no  incentive  for  a  speculator  to 
pay  so  high  a  price  to  acquire  one  unit  of  stocks. 


as 
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To  rule  this  uninteresting  case  out,  we  must  restrict  the  height  of  P 
so  that  P  <  BEP(H).  A  stronger  condition  can  be  stated  in  terms  of  the 
givens  of  the  problem.  Define  P^(K,  G)  =  T-0.  Since  it  is  the  image  of  the 
operator  T,  it  will  be  equally  sensitive  to  its  two  arguments.  Hence  we  can 
express  the  market  prict  as  a  function  of  the  sum,  K  +  G  =  6: 


PN(t0  = 


D_1(6) 


Hence  SEP  (H)  =  3 
N 


D_1(e  -  c) 


f  Z  (Z+C  (  “ 

}  D_1(H)dF(H)  +  P  dF(H)  +  )_d" 


for  0  <  6  <  Z 


z  +  c  >  e  >  z 


0  >  z  +  c. 


z  +  c 


(H)dF(H)  +  P  )_  dF(H)  +  )_D  "(H  -  C)dF(H) 
'0  Z  Z+C 


The  stronger  restriction  referred  to  above  is  that  BEP  (H)  >  P.  We  will  now 
show  that  if  BEPN(H)  >  P,  then  3EP(H)  >  P. 

To  prove  that  P  <  BEPN(H)  implies  that  P  <  BEP(H) ,  we  first  show  that 

P ( 0 )  >  P  (0),  where  P  (e)  =  T0(e) .  Since  P  (9)  >  0  and  T(-)  satisfies  (iv) , 

T  0(0)  >  T0(6)  or  T^' 0(0)  >  Tn0(6)  >  T0(6) .  Hence, 

lim  Tn0(6)  i  P(0)  >  T0(9)  5  P  (8) .  But  if 
n-+°°  N 

P ( 9 )  ^  P»,(8)j  6EP(H)  k  BEP  (H)  and  the  claim  is  established. 

N  N 

In  Section  II,  the  harvest  was  always  zero  and  the  restriction  that 
BEP(H)  >  P  reduces  to  BP  >  P.  This  condition  is  discussed  in  footnote  10. 


—  If  the  locus  of  kinks  (NM)  equals  P  for  R  >  C, the  government  is  never 
able  to  defend  its  ceiling  and  an  attack  occurs  the  moment  0  falls  below 


Z  +  C. 


—  In  the  case  where  the  locus  of  kinks  (NM)  equals  P  for  some  R  >  C, 
speculators  would  willingly  hold  stocks  for  any  9  >  Z  +  C.  In  this  case, 
the  equilibrium  price  function  has  no  horizontal  segment,  reflecting  the 
comolete  inability  of  the  government  to  defend  the  ceiling.  Speculators  are 
willing  to  carry  stocks  even  when  the  market  price  is  just  under  P  because 
they  know  the  government  will  be.  unable  to  defend  the  ceiling  and  trun¬ 
cate  their  capital  losses. 

24/ 

—  F  can  be  defined  implicitly  as  the  0  which  solves  the  following 
equation: 

D  ^O-C)  =  BEP(H+C). 
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— The  argument  is  made  for  H  a  discrete  random  variable  but  can  be 
extended  for  cases  where  H  is  continuous.  BEPf  0+  H  -  D(P(  ,)l J  can  be 
regarded  as  the  discounted,  weighted  sum  of  functions  of  n.  Each 
function  is  similar  in  shape  to  figure  7a  but  is  horizontally  dis¬ 
placed  by  H  -  D(P(o)).  Consequently,  each  function  strictly  decreases 

wiien  its  value  differs_from  P  and  is  constant  (or  non-dif ferentiable) 
when  its  value  equals  P.  By  assumption,  the  mean  discounted  price  next 
period  equals  P.  Accordingly,  at  least  one  function  in  the  discounted 
weighted  average  must  exceed  F  and  the  discounted  mean  price  must  there¬ 
fore  be  strictly  decreasing  in  0  when  its  value  equals  F.  Reversing  the 
argument,  the  discounted  expected  price  function  can  have  a  zero  derivative 
with  respect  to  0  only  when  the  function  has  height  BP. 

—  By  a  classical  random  walk  is  meant  any  process  of  the  form  X 

t+1 

X  +  p,  where  p  is  i.i.d.  p  can  be  either  a  discrete  or  a  continuous 

random  variable.  The  extension  of  the  usual  theorems  for  discrete 
states  to  the  case  of  continuous  states  is  due  to  Chung  and  Fuchs  [ 1 y 5 1 J . 
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In 


this  sense  at 


least,  speculators  dc>  stabilize  prices. 
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Appendix  1 

On  General-Equilibrium  Interpretations  of  the  Hotelling  Model 


The  purpose  of  this  appendix  is  to  reassure  readers  unfamiliar 
with  the  Hotelling  model  that  there  do  exist  at  least  two  general- 
equilibrium  models  which  give  rise  to  the  special  interest-rate 
and  demand-curve  assumptions  of  the  Hotelling  model  of  Sections  II 
and  III. 

Since  the  first  model  is  described  at  length  in  the  literature 
on  exhaustible  resources  fDasgupta  and  Heal,  ]h7Q),  it  is  mentioned 
only  briefly.  The  second  model,  alluded  to  in  several  articles  by 
Samuelson  among  others,  is  described  in  more  detail. 

In  model  one,  a  sing^  output  is  produced  using  the  resource  as 
an  input.  Production  requires  the  contemporaneous  depletion  of  the 
input.  Both  the  resource  and  the  produced  output  are  storable.  One 
unit  of  stored  output  is  assumed  to  result  in  1/6  units  of  output  on 
the  next  period,  reflecting  a  constant  marginal  rate  of  transformation 
through  roundabout  production.  Consumers  rank  time-dated  bundles  of 
consumption  of  the  output  using  a  quasi-concave  utility  indicator  and 
select  the  most  preferred  bundle  which  they  can  obtain  at  given  prices. 

To  acquire  this  bundle,  they  must  maximize  the  market  value  of  sales 
from  their  resource  endowment  and  stored  output. 

In  this  model,  as  long  as  output  is  stored,  one  unit  of  output  today 
must  exchange  on  the  market  for  1/6  units  of  output  tomorrow.  Hence  the  out- 
put-rate-of- interest  is  1/6  -  1,  a  constant .— ^The  "demand  curve  for  the 
resource"  is  a  derived  demand  for  an  input  (that  amount  of  input  the  mar¬ 
ginal  product  of  which  equals  the  real  factor  price)  and  therefore  depends  on 


the  price  of  the  input  relative  to  the  contemporaneous  price  of  the  output. 
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Hence  the  factor  demand  curve  is  independent  of  other  prices,  wealth, 
production  in  other  periods  and  so  forth. 

In  model  two,  there  is  no  production.  The  economy  consists  of  con¬ 
sumers  with  initial  stocks  of  two  consumable,  storable  goods — Z  and 
Y — and  subsequent  endowments  of  Y  in  each  period.  For  simplicity, 
assume  all  consumers  are  identical.  Their  utility  function  has  the 
following  form: 


U(z, 


2  ’  * 


2  ’ ' 


V 


T 

l  lf(z  )+ay  ]B 
t=l 


t-1 


where  z and  y  are  the  consumption  in  period  t  of  the  two  goods.  Y  is 
often  referred  to  as  the  "background  good"  and  is  notable  because  con¬ 
suming  additional  amounts  of  it  in  a  period  yields  constant  increases  in 
utility.  The  marginal  rate  of  substitution  between  Y  in  adjacent  periods 
is  therefore  constant  (1/fJ). 

The  consumer  takes  as  given  the  price  sequence  for  Z  and  for  Y: 

Pt }’  {Pt}'  By  transforming  his  endowments  through  storage  and  exchanges 
with  the  market,  the  consumer  acquires  his  most  preferred  consumption 
bundle.  His  feasible  set  of  consumption  opportunities,  is  defined  as 


follows : 
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T  T 

_z 


\  +  I  Pt  yt  S  W 

t=l  C  t=l  C  C 


T  T 

,z  z 


where  W  =  T  PZ  xZ  +  S  Py  xy 
t=l  C  C  t-1  C 


(1) 


KZ  =  KZ  ,  Ky  =  Ky 


(2) 


2  z  z  v  y  V  _ V 

Kt+1  ■  Kt  -  \  *  Kt+1  ■  Kt  -  +  < 


(3) 


and  Kt  >  0,  Ky  >  0,  zc  *  0,  yt  > 


(A) 


Pt  denotes  the  price  per  unit  of  Z  in  period  t, 

y 

Pt  denotes  the  price  per  unit  of  Y  in  period  t, 

xz  denotes  the  sales  (purchases  if  negative)  of  Z  in  period  t, 

y 

xt  denotes  the  sales  (purchases  if  negative)  of  Y  in  period  t, 

_ y 

e^  denotes  the  endowment  of  Y  in  period  t, 

2 

Kt  denotes  the  stock  of  Z  remaining  in  period  t  prior  to 
sales  then, 

y 

K/  denotes  the  stock  of  Y  remaining  in  period  t  prior  to 
sales  then. 


and  W  denotes  the  value  of  market  sales. 


By  a  well-known  separation  theorem,  the  maximization  of  consumer 
utility  can  be  accomplished  in  two  steps.  First,  W  is  maximized 
subject  to  (1)  -  (A)  by  choosing  x^,  xy,  KZ,  Ky  optimally.  Then  the 
best  consumption  bundle  is  chosen, given  the  maximized  W.  We  begin 


A 


by  considering  this  latter  maximization  problem. 

If  (2^»  Z2’  y 2 >  • • -yc)  is  the  most  preferred  consumption 

bundle,  then  it  must  satisfy  the  following  Kuhn-Tucker  conditions 
for  some  \  >  0: 


t—  1  2 

zc  ^  0,  6  f'Cz^)  -  XPj.  -  0,  with  complementary  slackness  (5) 

and  y  -  0,  6*”  ^  a  -  AP^  -  0,  with  complementary  slackness.  (6) 

"Complementary  slackness"  means  that  at  least  one  of  the  two  inequalities 
must  hold  with  equality. 

Consider  any  arbitrary  sequence  of  positive  prices  of  Y,  {py}. 

From  (6) ,  positive  amounts  of  Y  will  be  consumed  only  on  those 
Py 

periods  where  t  is  smallest. 
aBt_1 

On  other  periods,  yt  =  0. 

z  v  z  V 

Next,  consider  the  problem  of  choosing  x^,  x^ ,  Kt ,  lo  to 

maximize  wealth.  If  P^+1  -  P^  >  0  or  Py+^  -  Py  >  0  for  any  t,  the 
wealth-maximization  problem  has  no  solution.  For  it  would  then  always 
be  possible  to  increase  wealth  further  by  buying  more  in  period  t, 
storing  the  extra  amount,  and  selling  it  in  period  t+1.  Indeed, 
attempts  to  do  so  on  a  grand  scale  are  what  insure  that  neither 
inequality  would  hold  in  equilibrium. 

If  neither  inequality  holds, the  wealth-maximization  problem  does 

Z  Z  Z  V  V  y 

have  a  solution.  If  (K^>  K^.  .  1*  2* '  '  T+l^  c^osen  to 

wealth,  then  the  following  ilukn-Iucker  conditions  must  hold  for  L  =  1,  /,. 
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Together,  these  conditions  imply  that,  in  any  equilibrium,  ( 1 ,)  V  is 
v  t~  1  y 

never  stored  and  (2)  P'  =  h  P'j .  For  suppose  that  Y  were  stored  at  t. 

It  is  clearly  not  optimal  to  store  Y  beyond  the  end  of  the  horizon.  Suppose 
instead  storage  terminates  earlier.  Specifica  ly,  let  t  +  m  he  t he  final 
period  of  storage.  By  (8), 


P-v  =  Py  =  i>y 

t  t+l  t+2 


lor  some  integer  m-  |  ]  ,  T—  t] 


But  then 


t+m  and, 
t+m- 1 


by  (6),  yt+1  =  yt+2  =  •••  =  >t+m  = 


Hence  there  would  be  zero  demand  for  Y  in  periods  t+l,  ...  t+m. 

But  since  the  stored  Y  is  carried  into  these  periods  and,  by  assumption, 
is  not  carried  beyond  t+m,  Y  will  be  offered  for  sale  during  this 
time-interval,  creating  excess  supply  of  Y.  Thus,  storage  of  Y 
inevitably  results  in  a  disequilibrium. 

Hence,  in  equilibrium,  Y  will  not  be  stored.  Since,  however, 
there  are  endowments  of  Y  in  every  period,  prices  must  adjust  to 
induce  positive  consumption  of  Y  in  every  period.  (6)  implies  that 
if  v  >  0  in  every  period,  Py  =  p1"  ^  Py. 

py 

Since  t  is  the  amount  of  Y  obtainable  at  t+l  in  exchange  for 

Py 

t+l 

one  unit  of  Y  at  t,  -  -  1  is  the  background-good-rate-of-interest . 


But  since  Py  =  (jt  ^  Py  in  any  equilibrium,  - -L-  -1=1-1. 

c  1  ..V  T, 


Hence 
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the  interest  rate  in  the  model—  is  constant  in  any  equilibrium  as  we  assume 
in  the  text.  In  model  one,  this  result  occurs  because  a  marginal  rate  of 
transformation  is  assumed  to  be  constant;  in  model  two,  it  arises  because 
of  an  assumed  constant  marginal  rate  of  substitution. 

Any  candidate  for  equilibrium  must  have  the  following  properties: 
for  t  =  1,  2,...T,  Ky+1  =  0,  Py  =  B*"  P  Py,  and  y  >  0.  (6)  then  can  be 
substituted  into  (5)  to  obtain: 

>  f'(zt)  Pt  < 

-  C,  — — -  -  —  -  0,  with  complementary  slackness.  (5') 

Pt 

This  condition  is  referred  to  in  the  text  as  the  "consumer  demand  curve." 

Pz 

Specifically,  f ' (0)  is  called  the  "choke  price,"  _jt  is  referred 

Py 

f ' (z  )  C 

as  the  price  of  the  resource  at  time  t  and  t  is  termed  the  inverse 

a 

demand  curve.  Note  that  assumptions  about  the  demand  curve  made  in  the 
text  are  in  fact  implications  of  this  fully  specified  model  (as  they  are 
of  model  one):  the  demand  curve  _i£  time-separable,  stationary,  dependent 
on  the  contemporaneous  price  of  the  resource  and  on  no  other  prices,  and 
independent  of  income  or  wealth. 

Finally,  we  consider  how  to  determine  the  equilibrium  of  this  fully- 

y 

specified  model.  We  can  confine  our  search  to  cases  where  =  0, 

Py  =  1  Py  and  y  >0,  for  t  =  1,  2,...T.  To  determine  the  equilibrium 

t  It  n 

Z  Y 

sequence  of  prices  { P ^ }  we  use  the  following  facts.  If  __t  <  f * (0) ,  (5') 

Py  "  a 
t 

implies  that  z >  0.  This  demand  for  Z  must  be  satisfied  by  stored  Z.  If  Z 
is  to  be  stored,  the  price  of  Z  must  remain  constant.  From  (7),  for  t  =  1,  2,...T, 


z  P2  PZ  Pz  Pz 

K^.,  -  0,  t+1  -  t  =  t+1  -  t  -  0,  with  complementary  slackness. 


t+1 


t+1 


t+1 


t+1 


rp. 
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That  is,  if  Z  is  stored,  its  price  (re lative  to  the  price  of  Y)  must 

Pz 

rise  at  the  rate  of  interest  for  all  _t  f ' (0)  .  Finally,  it  can  easily 

*  * 

be  shown  that  wealth  maximization  requires  the  cumulative  sales  of  Z  to 
— 2 

equal  K.  .  What  is  referred  to  in  the  text  as  the  equilibrium  price  path 

of  the  Hotelling  mouel  can  be  regarded  as  the  sequence  of  relative  prices 

z 

p 

_ t  which  solves  these  conditions  simultaneously. 

t 

The  foregoing  model  generalizes  easily  to  uncertainty  and  exhibits 
the  martingale  property  which  underlies  the  functional  conditions  of 
Section  III.  This  is  demonstrated  in  Samuelson  (1973)  and — in  considerable 
detail — in  Kohn  (1978) .  A  more  comprehensive  discussion  of  restrictions  on 
general-equilibrium  models  which  yield  the  martingale  property  can  be 
found  in  Le£oy  (1982). 
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Footnotes  to  Appendix  1 

''‘Since  there  is  another  good  in  the  model,  there  is  a 
rate.  The  input-rate-of-interest  is  zero  as  long  as 
stored  and  non-positive  in  any  case. 

2 

Since  there  is  another  good  in  the  model,  there  is  a 
rate.  The  rate  of  interest  on  Z  is  zero  if  the  good 
non- positive  in  any  case. 

I 

I 


•t 


ii 


second  interest 
the  resource  is 

second  interest 
is  stored  and 


-Ay- 


Appendix  2 
Attack  on  Gold 

Between  1934  and  1968,  the  U.S.  pegged  the  nominal  price  of  gold 
at  $35  per  ounce.  Hen'  e,  the  real  price  varied  inversely  with  the  price 
level.  When  speculators  attacked  in  1968,  the  government  salvaged  some 
of  its  buffer  stock  by  closing  the  gold  window.  In  the  1970's,  it 
began  to  consider  disposing  of  the  portion  retained. 

For  simplicity,  we  will  assume  that  inflation  proceeded  each  period 
at  a  constant  rate  (n)  so  that  the  official  price  of  gold  --  in  real 
terms  --  declined  geometrically.  Furthermore,  we  will  assume  that 
speculators  anticipated  that  the  government  would  be  unwilling  to  sell 
its  entire  stock  (G^)  in  any  period  t  to  detend  the.  official  price,  but 
would  instead  initially  retain  G  for  subsequent  disposition.  We  will 
suppose  speculators  anticipated  that  the  portion  retained  would  be 
auctioned  at  some  unknown  time  interval  (t  =  1,  2,  ...)  after  the  rest 
of  the  government  buffer  stock  was  exhausted  and  that  t  was  taken  to  be 
a  geometrically-distributed,  integer-valued  random  variable  with 
mean  1/a- 

The  government  might  not  have  behaved  as  the  speculators  anticipated. 
But  simply  because  we  must  make  some  assumption  about  the  relation  of 
the  prior  expectations  of  the  speculators  to  the  subsequent  conduct  of 
the  government  —  and  no  alternative  assumptions  seem  superior  —  we 
will  assume  that  speculators'  expectations  proved  correct  both  about  the 
amount  of  gold  retained  by  the  government  and  about  the  manner  and 
st  -hastic  timing  of  its  subsequent  disposition.—^ 


We  begin  once  again  by  considering  the  equilibrium  in  the  absence 


of  speculative  purchases.  Inflation  would  have  progressively  eroded 
the  real  official  price  —  stimulating  increasing  demand  —  until  the 
government  stocks  eventually  dwindled  to  G.  At  that  point,  the  govern¬ 
ment  would  have  suspended  its  pegging  operation,  and  the  real  price 
would  have  soared  high  enough  either  to  eliminate  demand  entirely  or  — 
alternatively  —  to  provide  enough  incentive  for  foresigiited  extractors 
initially  to  have  withheld  some  of  their  stocks  from  the  government  when 
the  stockpile  was  first  created  in  order  to  sell  them  after  its  exhaustion. 

When  speculative  purchases  are  permitted,  this  price  path  ceases 
to  be  an  equilibrium  since  it  creates  an  incentive  to  purchase  infinite 
stocks  immediately  before  the  upward  jump  in  price.  Such  behavior 
would  "tend"  to  shorten  the  duration  of  the  pegging  operation  and  reduce 
the  market  price  which  would  prevail  following  its  demise.  In  the  new 
equilibrium,  as  soon  as  stocks  fall  below  the  attack  threshold,  specula¬ 
tors  would  purchase  the  remaining  resources  (G  -  G),  the  government 

would  close  its  window  on  G  units,  and  there  would  be  no  upward  jump 

,  2/ 

in  price.— 

The  attack  threshold  (A+)  may  be  determined  as  before  (p.ll)  by  expres¬ 
sing  the  price  immediately  before  and  after  the  attack  as  functions  of  the 

government  stock  (G)  just  prior  to  the  attack  and  then  finding  that 

unique  stock  which  equalizes  the  two  prices. 

Since  the  nominal  price  (P  )  is  pegged  in  this  case,  the  real 

n 

official  price  (p  )  prior  to  the  attack  is  no  longer  constant  as  was  its 
counterpart  in  figure  2.  As  time  elapses,  the  stock  held  by  the  govern¬ 
ment  (G)  falls  from  K  and  the  real  official  price  (p)  falls  from  P  .  Hence 

the  plot  of  P  against  G  (varying  time  parametrically)  in  figure  10  is 

—  —  3/ 

an  upward-sloping  curve  passing  through  the  point  (K,  P  > 
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As  before,  the  market  price  immediately  following  the  attack  (P  ) 

SH 

is  a  decreasing  function  of  whatever  stocks  are  held  privately  then  (K) . 

but  the  market  price  would  also  be  affected  by  two  exogenous  parameters  — 

the  amount  retained  by  the  government  (G)  and  the  probability  per  period 

that  it  would  be  auctioned  (a).  Hence  we  denote  P  as  follows: 

SH 

PSH  "  PSH  «>• 

In  a  previous  paper,  Salant  and  Henderson  (1978,  p.  634)  showed  how  the 

initial  price  on  an  equilibrium  path  can  be  determined  when  there  is  a 

probability  a  that  the  government  might  auction  G  units  of  gold  and 

speculators  own  a  stock  (k)  of  any  given  size.  Hence,  the  P  function 

SH 

above  is  a  reduced  form  of  the  Salant-Henderson  gold  model,  just  as  the  P 

H 

function  of  Section  II  is  a  reduced  form  of  the  Hotelling  oil  model.  Hollowing 

an  attack  in  which  the  government  retained  G  of  its  reserves  (G) ,  the 

private  market  would  acquire  G-G.  In  figure  10,  Pcu  (G-G;  G;  a) 

on 

is  plotted  as  a  function  of  G.  The  function  is  continuous  and  decreasing. 

When  G  =  G,  Pcu  =  Pc. 

SH 

[Figure  10  goes  here] 

The  two  curves  in  figure  10  intersect  at  the  point  (A+,  P+) .  The  first 
coordinate  indicates  that  the  speculative  attack  occurs  when  the  buffer 
stock  declines  below  the  attack  threshold,  A+  (>0).  At  that  point, 
speculators  attack,  the  government  salvages  G  for  subsequent  auction  at 
an  unknown  date,  and  the  price  rises  without  a  jump  along  the  trajectory 
described  in  detail  in  Salant-Henderson  (1978,  p.  635-6). 
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Changes  in  government-policy  parameters  alter  the  date  of  the 

speculative  attack.  A  decrease  in  the  rate  of  inflation  causes  the 

upward- sloping  curve  in  figure  10  to  flatten,  pivoting  around  (K,  P  ) 

n 

4/ 

so  that  a  smaller  stock  is  associated  with  each  real  official  price.— 
The  point  of  intersection  shifts  to  the  left,  implying  that  the  smaller 
the  rate  of  inflation,  the  lower  the  attack  threshold.  Since  it  takes 
longer  at  higher  real  prices  for  the  stock  to  be  reduced  to  any  given 
level,  lowering  the  rate  of  inflation  must  also  delay  the  speculative 
attack. 

In  Salant-Hender son  (1978,  p.  637)  increases  in  the  probability 
of  an  expected  auction  (a)  are  shown  to  depress  the  price.  An  increase 
in  a  would  therefore  shift  the  downward-sloping  curve  in  figure  10  to 
the  left  so  that  the  two  curves  intersected  at  a  lower  attack  threshold. 
Hence,  the  shorter  the  expected  interval  between  the  date  of  the  attack 
and  the  subsequent  auction,  the  longer  speculators  would  postpone  the 
attack. 

Finally,  it  can  be  shown  that  if  a  smaller  portion  of  a  given  stock 
is  in  fact  retained  by  the  government  for  subsequent  auction,  the  price 
will  initially  be  lower: 


dP, 


SH 


dG 


IdiG 


PSH,  2  PSH,  1  >0' 


Thus,  if  speculators  anticipate  that  less  will  be  withheld,  the 
downward-sloping  curve  in  figure  10  shifts  to  the  left  and  the  inter¬ 
section  occurs  at  a  lower  attack  threshold  —  implying  once  again  that 
the  attack  occurs  later.  Hence,  if  the  government  reduced  the  rate 
of  inflation  to  zero  and  fostered  the  belief  that  the  entire  stockpile 
would  be  committed  to  the  defense  of  the  official  price,  the  attack 
would  be  delayed  the  longest.  But  this  is  the  case  of  the  Hotelling 


model  studied  in  Section  II. 
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Footnotes  to  Appendix  2 

For  example,  if  speculators  anticipated  that  the  government  would 
retain  less  than  the  government  actually  did  retain  following  the 
attack,  an  upward  jump  in  the  market  price  above  the  real  official 
price  would  occur. 


As  in  the  text,  this  assertion  is  accurate  in  continuous  time  but 
requires  minor  modification  in  discrete  time  because  of  an  integer 
problem.  If  the  speculative  attack  occurs  at  t,  the  market  price 
on  that  period  lies  in  the  interval  [P^,  Pt(l  +  r)). 


Since  P. 


P 

n 


(1+tt) 


t-1 


and 


_  t-1 

Gt  -  K  -l  d(p  /(1+ir))8  \  t  «  1,  2,  ... 

S"1 

the  government  reserves  and  the  real  official  price  (Gt>  Pt)  can  be 

computed  for  each  t.  As  time  elapses,  G  and  P  decline  respectively 

from  (K,  P  ) .  Hence  -7^  >  0. 
n  aG 


Pick  any  level  for  the  real  value  of  the  official  price.  Let 

t  (t  )  denote  the  period  on  which  that  chosen  level  is  reached 

if  the  nominal  price  is  maintained  at  P  and  the  inflation  rate  is 

n 

•  |  |  y 

tt(tt).  If  tt  <ti,  t  >t.  Let  Gt  (G  ^.i)  denote  the  remaining 
government  stock  when  the  official  price  has  eroded  to  the 
specified  level.  In  the  text,  it  is  claimed  that  Gt  >  G  *  ^  . 

This  is  equivalent  to  the  claim  that  prior  cumulative  demand 
will  be  higher  in  the  case  with  the  lower  inflation  rate. 


This  follows  since: 
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(1)  On  each  period  before  the  official  price  reaches  the 
specified  level,  demand  would  be  greater  in  the  case  with 
the  lower  inflation  rate  than  it  would  be  in  the  case  with 
the  higher  inflation  rate  (since  the  real  price  would  be 
lower)  and 

(2)  the  path  with  the  lower  inflation  rate  requires  longer 
(t'  >  t)  to  reach  the  specified  level. 
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Fig.  5— Determination  of  Pn_^(K,  G)  for  a  particular  state  of  the  system 
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Fig.  6  —Determination  of  the  market  price  and  end-of-period 
government  stocks  for  any  state  of  the  system 


